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usually called_4, the trailing,Ls. A more detailed treatment of

Observational searches for asteroids orbiting near Earth’s trian-  this subject can be found in Szebehely (1967).

gular Lagrange points face unique obstacles. A population of such
asteroids would occupy a large projected area on the sky (possibly
hundreds of square degrees) and is not favorably placed with respect
to the Sun. Here we examine the properties of synthetic populations

Lagrange’s solutions went from the realm of theoretical cu
riosities to reality with the discovery in 1906 of asteroid 58¢
Achilles, associated with tHe, point of the Jupiter—Sun system
(Pilcher 1979). Since then, many more “Trojan” asteroids hav

of Earth “Trojans” in order to aid in the optimization of observa-
tional searches for them. We find that the highest on-sky projected
number densities are not located at the positions of the L, and Lsg
points themselves, but rather a few degrees closer to the Sun. Also,
asteroids on orbits about the L, and Ls points typically brighten as
the difference between their ecliptic longitude and that of the Sun
increases owing to phase effects, but their number density on the
sky concurrently falls rapidly.  © 2000 Academic Press
Key Words: asteroids, dynamics; Earth; resonances.

been found. At this writing, the Minor Planet Center lists 466 as
teroids at the_ 4 andL 5 points of Jupiter and two for Mars (5261
Eureka and 1998 VF31), but as yet none has been detected n
the corresponding points of any other planet. The recent di
covery (Wiegeret al. 1997) that asteroid 3753 Cruithne is in a
1:1 coorbital resonance (though not a “Trojan” one) with Eart|
encourages a revisit of the question of whether Earth has ott
co-orbital companions. In this paper, we examine the properti
of synthetic populations of asteroids orbiting about theand

Ls points of Earth, for the purpose of aiding in future obser
vational searches. We do not investigate the origin or stabili
of such objects here, but will rather assume some population

General analytical solutions to the gravitational three-bodybjects on such orbits, and ask how best to detect them.

problem do not exist; however, certain special solutions do. Per\We do, however, note that the Earth/Sun mass ratio is suf
haps the best known is the classical work of J. L. Lagranggently small for the triangular Lagrange points to be at leas
Given a primaryM with a secondaryn <« M in a circular orbit linearly stable in the three-body context (Danby 1964). Exter
around it, he deduced that there were five points in the systsive investigations of the stability of the triangular Lagrang
at which a massless particle could, in a frame corotating wiglvints have been performed by many authors, though relative
the secondary, remain stationary indefinitely. These solutiofesv have considered whether Earth in particular can maintain
are commonly known as the Lagrange points. Lagrange’s copepulation of such bodies. However, at least certain Earth Tr
putations are not strictly valid for the case of a planet orbiting jan asteroid (ETA) orbits have been found (numerically) to b
our own, more complex Solar System; nevertheless these saiable against perturbations from the other planets in the S
tions retain much importance. Of particular interest here are tlae System for times up to 20yr (Weissman and Wetherill
“tadpole” orbits that particles may move along in the vicinityd974, Dunbar 1980, Mikkola and Innanen 1990). Mikkola an
of the two so-called “triangular” Lagrange points for the cas@nanen (1995) studied a population of ETAs over somewh
where the relative orbit oM andm is nearly circular. These longer time scales ($810 yr) and found instabilities at incli-
two L points are located at the vertices of the two equilaterahtions in the range of 1825'. Such time spans fall far short
triangles that can be drawn in the secondary’s orbital plane withthe 45 x 10° yr age of the Solar System. Nevertheless, eve
the primary—secondary line as one side. The leading pointifi€ETA orbits prove unstable on longer time scales, capture

1. INTRODUCTION
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near-Earth asteroids may provide a transient population of suedtimates of ETA albedos and other surface properties. Es
objects. mating their spatial distribution is less straightforward, but ou
Current telescopes and detectors should easily be able to kisswledge of the jovian Trojan group and current numerica
tect ETASs, their proximity to both Earth and the Sun makingodels of the Solar System should provide us with a reasonat
them relatively bright. However, searches for such objects a#rting place.
not without their difficulties. The nearness of these bodies toWe examine two synthetic populations of Earth Trojans. Bot
Earth means that any Trojan group would cover a large projectegive semi-major axes chosen uniformly and randomly in th
area on the sky; we will see in Section 3.1 that such a cloud megorbital region between tHe; andL, points, i.e., 097<a <
extend over hundreds of square degrees with only a very brda@03 AU, based on the stability limits for Earth Trojans found by
central peak. As well, the necessary proximity of these ast&¢eissman and Wetherill (1974). The width of this zone matche
oids to the triangular Lagrange points requires observationsth@ width of the resonance overlap zone predicted by.thé
be made in the morning and evening, and hence subject to higlaev (Wisdom 1980, Duncaet al. 1989, Murray and Holman
airmasses and the increased sky brightness of twilight. ObsE898). This relation states thatafis the semi-major axis of a
vational searches for ETAs thus present interesting challengetanet andu is the ratio of its mass to the total (i.e., planet plus
One strategy useful for the detection of faint moving bodie®un), then small bodies with semi-major axes differing fram
involves tracking the telescope at the expected apparent angblana w?7 are isolated from the 1: 1 resonance by a regio
velocity 6§ of the object in question. This results in the searchedf quasi-periodic (i.e., nonchaotic) trajectories. Ti&’ law
for object’s image remaining stationary upon the detector atttls defines a boundary beyond which a simulated test body k
building up its signal, while objects moving at different speeds=ffectively escaped from 1: 1 resonance.
(e.g., stars) can be excluded by their streak-like appearance. Fokpart from the value of the semi-major axis, the first (or
this reason, the apparent angular velocity of ETAs is examinduatoad”) population is given orbital elements that are chose
here. One should note that the angular velocity of an objdzased on the breadth of the distribution of Jupiter’s Trojans,
located at either triangular Lagrange point is not zero. Thougjeted on the Minor Planet Center's Web site (http://cfa-www
the L points are stationary with respect to the Earth—Sun lifarvard.edu/iau/lists/Trojans.html). The eccentricifesd in-
(i.e., in the frame which corotates with the Earth), they completénationsi are chosen randomly from the uniform distributions
a full circuit against the background stars every year and heritg e < 0.3 and 0 <i < 30°. Arandom longitude of the ascend-
their mean relative angular rate shoulddoe 150'/h. ing node and argument of periheliom is assigned to each
The most recent search for Earth Trojan asteroids was ppadtticle, and its mean anomaly chosen such that its mean lon
formed by Whiteley and Tholen (1998), who were able to covéude is either 60ahead of or behind the Earth.
0.35 square degrees close to the classigandL s pointsdown A second (or “narrow”) population is also examined, its el-
to R~ 228 using CCD detectors. In that paper, they also prement distributions based on the locations of the peaks in tl
vide many additional, valuable insights affecting current searohbital element distributions of Jupiter’s Trojans. In this case, th
strategies. Their paper served as a primary motivation for aercentricity and inclination are chosen from@ < 0.1and0 <
work. An earlier photographic search was performed by Dunbag 10° instead.
and Helin (1983), also without detections but putting a limit of The particle populations chosen are then integrated foyd.0
7 4+ 3.5 objects with visual absolute magnitudes brighter than 2dth a Wisdom—Holman (Wisdom and Holman 1991) integra
“in the L4 region.” Unfortunately, they do not report how manytor using a 3-day time step in a Solar System including all th
square degrees of the sky they sampled with the 18 plates tipdgnets except Pluto. Those particles which remain on Trojs
obtained. It is likely to be much less than the extent of the hyp¢ar tadpole) orbits throughout the entire integration (i.e., thos
thetical Trojan clouds presented here, butin any case, the missiigpse longitude relative to Earth remains consistently eithe
information makes a comparison with other results impossiblghead of or behind our planet) will be considered our sampl
Though the absence of detections may indicate an absefbés integration interval allows the removal of objects that dc
of ETAs, searches to date have likely only sampled a relativatpt remain on Trojan orbits (with the tacit assumption that suc
small portion of the potential Trojan cloud, and we will see ishort-lived objects do not constitute an appreciable fraction
Section 3 that the existence of a population of Earth Trojatise Earth Trojan population). Of the broad population, 63 of 10
cannot be rejected at this time. initial conditions pass this criterion (primarily those at lejy
Our model is presented in Section 2; the results are discus$&dof 100 of the narrow population’s members do. We hav
in Section 3 and our conclusions are presented in Section 4.also performed 1Byr integrations for the trailing Lagrange
point with little change in the survival fraction or other re-
2. MODEL CALCULATIONS sults.
We have deliberately chosen to exclude horseshoe orbits frc
In order to determine how best to detect a population of Earthis study, though asteroid 3753 Cruithne (Wiegeel.1997) is
Trojans, something must first be known about their propertiggoof that bodies on non-tadpole 1:1 mean motion resonanc
Studies of main-belt and near-Earth asteroids allow us to makdst. Nevertheless, the apparent lack of such a population f
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Jupiter has lead us to examine the possible traditional Trojas yet, give no hint of such a possible skew. In both leadin

population first, though a similar study for possible horsesha@d trailing cases, almost the same fraction of the ETAs (63 al

orbits would also be of interest. 95% for the broad and narrow populations, respectively) rema
During the simulations, the eccentricities and inclinations @i tadpole orbits for the full fByr integration, and the result-

the particles are monitored. Various perturbations induce osditg distributions of elements, positions, etc., are very simila

lations in these quantities, but their amplitudes are rather sméllough the randomized initial conditions ensure that the leal

For the eccentricityg is found to vary byt+0.01 neae=0upto ing and trailing distributions are not identical. In the interests c

£0.025 ate > 0.2. The inclination varies typically by-3°. All  brevity, we will discuss here only the trailing distribution, with

of e, i, andw show these oscillations with periods of*4Q(® yr, the afore-mentioned caveat in mind.

typical of secular perturbations by the giant planets. The longi- Three questions will spearhead our examination of our sin

tude of the node varies on much shorter time scaled yi) ulated Earth Trojan population. First, where is the greatest pr

most likely driven by close encounters with the planet, whigected density of ETAs on the sky? Second, where are ETAs

have a similar time scale. their brightest as seen from Earth? And third, which ETAS ca
In addition to the orbital elements, the apparent geocenttie observed under the darkest skies?

position and other properties (phase, apparent magnitude, etc.)

are measured at regular (but noncommensurable) intervals. This 3. RESULTS

set of synthetic “observations” should provide a benchmark with

which to optimize observing strategies. 3.1. Overall Sample

~ The apparent visual magnitude of our simulated asteroids) gt the geocentric ecliptic latitude of an ETA at any giver
is calculated using the IAU two-parameter magnitude relatigfine pe g, and let the ecliptic longitude relative to the Sun be

(Bowelll et al. 1989),_ which we will te(mMV(rQ, e, @ H, ¢ Then, the Sun is always @t=0°, ¢ =0°. Figure 1 displays
G); ro is the asteroid—Sun distanae, is the asteroid-Earth e gistribution of simulated observations (as described abow
distance, and is the phase angle, i.e., the angle between “&‘@ainst the axes g¢f and¢ for both the broad and narrow pop-
Sun and Earth as seen from the asteroid. The two parame{@kgions. On this and on the following plots, the darker pixel
in question are the absolute magnitudeof the asteroid, and jngjcate those at which more synthetic observations were mac

G, the so-called “"slope parameter,” which describes the changgile the lighter ones indicate a relative abseh@ée contours
in brightness with phase. These parameters depend on the Bai-|apeled according to the total number of observations int
ticular properties of a given asteroid, and thus are unknown fgg, 1o them, and account for the (usually small) number of dat
our sample. However, since apparent magnitude scales linegy§ints outside the presented frame. Thus the contour label
with H, we simply calculate the difference between the appa( js that interior to which the most densely packed 10% o
ent and absolute magnitude, which we will call the magnitudge observations fall; similarly, the “25” contour includes 25%
adjustmentA My, defined such that of all observations, and so on. Various statistics of the ETA di

tributions are presented in Table I.

AMy(ro,Te, @, G) = My(ro,Te, @, H,G) = H. (1) The plots were subjected to a3 boxcar filter to smooth the
) ) contours. The (presmoothing) noise-related uncertainty in ea
The G factor has a relatively weak influence on apparent magiye| is small in the most heavily populated regions of the grapt
nitude, and we simply adopt a value of 0.15, noting that thgih typical peak values of 200 counts, a noise level of roughl
most common asteroids have typiabalues ranging from 0.1 704 However, the observations are not all independent (and tr
(C type) to 0.25 (S type) (Bowebt al. 1989, Piironeret al. ot strictly Poissonian in their noise characteristics), belongir
1997). Note that no albedo or diameter need be assumed, thg$fie trajectories of only-100 test particles and thus effectively
unknowns being subsumed into the absolute magnitide  ncreasing the uncertainty in the results. This, together with tt
The detection of faint ETAs will be hampered by the presenggsmptions made about the ETAs orbital elements, implies tt
of crowded star fields; in particular, the positions of the Lagranggna||-scale structures in the figures must be interpreted wi
pointsrelative to the Milky Way should be considered. This issygrticular caution. Indeed here we will examine only the broa
was addressed by Whiteley and Tholen (1998), and we simplatyres of these distributions. The one exception we make is
quote it here for completeness. The point is at its highest present a magnified view of the peak of the on-sky distributior
galactic latitudes dqung Apnlthrough June and October through s mes (a) and (b) of Figure 1 might conceal a narrow centr
December, thé s point during December through February andeak or similar feature of observational interest. However, tt
June through August. high-magnification frames (c) and (d) make it clear that there

Asteroids orbiting both the leading and trailing triangulang particularly overdense region in the vicinity of the Lagrang;
Lagrange points have been studied. The populations of these two

regions, should they exist, may differ (e.g., the leading/trailing
r?‘tio for JUpite.r Trojaljs i5_29’2-76% 1.66, though Qbserlvation.al L Note: pixel counts are not weighted by apparent brightness; thus these pl
biases complicate this picture), but our dynamical simulationse not strictly comparable to long-time exposure “images.”
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FIG. 1. The distribution of simulated observations plotted against ecliptic latitude and longitude at low (a, b) and high (c, d) magnifications. Bl inc
the highest number density, white the lowest. The left-hand figures are for the broad population, the right-hand ones for the narrow. The detailandhe |
high-magnification graphs differ owing to the different binning and smoothing.

points. The reader should note that the details of the contoursration, the 10% contour, though it encompasses roughly €
low and high magnifications differ somewhat owing to the difand 25 square degrees for the broad and narrow populatiol
ferent binning, which also affects the smoothing algorithm. Botiespectively, is only occupied by 10% of the ETA populatior
Figs. 1cand 1d have peak pixel values00 (RMS noise-10%). at any given time. Whiteley and Tholen (1998) placed an uppe
Figure 1 makes clear one of the key difficulties facing ETAmit of three objects larger than a few hundred meters per squa
searchers: the wide area of sky to be searched. As an illdggree in the vicinity of thé 4 andL 5 points. Assuming the 10%
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TABLE I
Statistics of the Broad and Narrow Simulated Earth Trojan Populations

Broad Narrow

Min. Max. Med. Mean Min. Max. Med. Mean
Ecl. latitude () -85 79 0.0 0.0 —26 26 0.0 0.0
Ecl. longitude {) 2 126 54 53 4 90 56 53
Mag. adjustment (mag) —0.6 3.1 2.2 2.2 0.1 2.8 2.3 2.2
Phase¥) 3 120 55 53 5 92 56 53
Dist. from Earth (AU) 0.2 2.1 11 1.2 0.3 2.1 11 1.2
Angular vel. ('/h) 71 430 147 148 116 209 148 148

contour is populated at this level, 75-180 objects this size colldve an apparent magnitudé, ~17-17.5. If ETAs have a
be in this region at any instant. Thus, though past searchessire distribution similar to that of NEAs (e.gN(H) oce®®H,
this region have failed to discover such asteroids, the existefiRabinowitz 1994) then, given that current limits allow a popula
of ETAs is still far from being ruled out. tion of perhaps 19 objects with diameters greater than
The distribution of simulated ETAs is centered on zero eclig00 meterskl ~ 23), one might expeet 10 objects in the 5-km
tic latitude, expected from the symmetric distribution of theange. Of course, such numbers are based on rather loose uf
inclinations and the uniform distribution of the other anguldimits, but the existence of kilometer-sized ETAs cannot yet b
elements. It is highest within a degree or two of the ecliptimled out. Such objects would certainly be detectable by mo
plane and has a much broader distribution along the ecliptic.ern facilities, though again questions of sky brightnesses al
One should note, however, that the centroid of the highdsacking rates complicate the issue significantly.
density contour is not at 6dongitude, i.e., notin the direction of ~ The brightest simulated observations are outside the plot ar
the Lagrange point. Rather the centroid is slightly interior to thisf Figs. 2a and b. The distribution continues up to brighter ma
point at¢ ~ 55°. Since a constant distribution of asteroids alongitudes at ecliptic longitudes near*9éhough at very low num-
Earth’s orbit would remain constant when projected onto the skyer densities. These brightest data points are caused by obje
we conclude that the displacement of the centroid is primaripassing very close to Earth. Asteroids near to, but slightly ou
due to the asteroids spending more time in the elongated “tail"sifle Earth’s orbit, have their brightness enhanced both by the
the tadpole, rather than to purely geometrical projection effecfgoximity and their low phase angle. These brightest observ
The density variation between5&nd 60 is weak (~25%) and tions will be discussed in more detail in Section 3.2.
would make little difference to a survey which could sample Figure 3 examines the distributions of magnitude versus a
only asmall area (e.g., less than 1 sqg. degree). Nevertheless,ghiar velocityd. The ETAs cluster around 15, but with sig-
factor should be taken into account when wide-field surveys aniicant scatter: only 25 and 50% of the broad and narrow po
attempted. ulations respectively have 140 <6 < 160'/h. Figure 3 also
Figure 2 presents the distribution of the simulated asteroidiisplays the components éfboth parallel KY) and perpen-
apparent magnitude adjustmefntMy versus ecliptic latitude dicular (Z) to the ecliptic. TheX'Y component is centered on
and longitude. Asteroids near the projected positions of thex 150'/h, that being the angular velocity of the Lagrange
Lagrange points are typically 2 to 2.5 magnitudes fainter thaiints. TheZ component, which can be significant, is a result o
their absolute magnitude; e.g., a 6-km-diameter C-type astertti@ inclinations of the assumed ETAs. We concur with Whitele
(H =~ 15, Bowell and Lumme 1979, Rabinowitz 1993) woulcind Tholen (1998) that tracking the telescope at at rate dfth50

TABLE I
Statistics of the Brightest (A My < 1.5) Members of the Simulated Earth Trojan Populations

Broad Narrow
Min. Max. Med. Mean Min. Max. Med. Mean
Ecl. latitude () -85 79 -0.3 -1.0 —26 26 -0.1 -0.2
Ecl. longitude {) 29 126 72 73 61 90 74 74
Mag. adjustment (mag) —0.6 15 1.3 1.2 0.1 1.5 1.3 1.2
Phase) 54 113 74 75 63 92 75 74
Dist. from Earth (AU) 0.2 0.65 0.55 0.53 0.3 0.65 0.55 0.54

Angular vel. ('/h) 71 430 166 169 121 209 154 155
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FIG. 2. The distribution of simulated observations plotted against apparent magnitude adjustment and ecliptic longitude (a, b) or latitude (c,-tharidhe le
figures are for the broad population, the right-hand ones for the narrow. The magnitude adjustment is defined in Eq. (1).

along the ecliptic is appropriate but will reduce one’s sensitiviy.2. Brightest Observations
to high4i objects.
We should point out that non-Trojan near-Earth asteroids The brightest ETAs have an obvious advantage for detectio
could pass through the regions of the sky considered here wlithre we will define the sample of the brightest ETA observa
apparent motions similar to those of Trojans. Orbital determin@ens as those wittlA My < 1.5. Roughly 5% of the simulated
tions would thus be necessary to confirm the nature of any suatservations fall into this category. Figure 4 presents their di
detections made.

tribution on the sky and versus magnitude and apparent angu
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components of the angular velocity parallel and perpendicular to the ecliptic. The left-hand figures are for the broad population, the rigistfbatiteararow.

velocity. Some general statistics of the brightest observatioh& ? effect and because of decreased phase angles for boc
are listed in Table II. outside Earth’s orbit. The proximity of these observations to u
The brightest simulated observations are found to be clusteredults occasionally in high ecliptic latitudes (ugste +80° for
somewhat differently than the general sample. The brightest abe broad population). The increased brightness resulting fro
servations tend to occur nearer to Earth, both because of teereased phase angle favors asteroids with positions outs
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FIG. 4. The brightest simulated observationsNly < 1.5) plotted versus ecliptic latitude and longitude (a, b) and versus magnitude adjustment and anc
velocity (c, d). The left-hand figures are for the broad population, the right-hand ones for the narrow. Note that the contours are labeled fontb&tfract
population of brightest objects they contain, not the fraction of the total population.

Earth’s orbit, and results in a shift of the center of the on-sky difsund the distribution clustered around*#8 65, respectively,
tribution to larger ecliptic longitudes. The sample of the brighteststead.

observations, as defined above, clustersza2°, but this par-  We conclude that searches for ETAs at high ecliptic longitude
ticular longitude value is an artifact of our choice of cutoff irare aided by the brightening of the asteroids (and the dark
AMy and the brightening trend for the observations at lighskies available), though at a significant cost in on-sky numbe
(i.e., low phase). Had we chosaMy < 1 or<2, we would have density.
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the fraction of the population of large longitude objects they contain, not the fraction of the total population.

3.3. Large Ecliptic Longitudes ian in the daytime. Of course, observations can be obtained
these regions in the evenings and mornings, but are hampe

Astronomical observations of objects as faint as ETAS requiby twilight and high airmasses.
reasonably dark skies. However, by virtue of their position rela- The difference between the right ascension of the Sun and t
tive to the Earth—Sun line, the Lagrange points cross the merabject in question provides a measure on the time between t



42 WIEGERT, INNANEN, AND MIKKOLA

TABLE 111
Statistics of the Members of the Simulated Earth Trojan Populations with the Greatest
Longitudes (£ > 65°)

Broad Narrow

Min. Max. Med. Mean Min. Max. Med. Mean
Ecl. latitude () —80 79 -0.23 -0.14 —26 26 0.0 0.0
Ecl. longitude () 65 126 70 71 65 90 69 70
Mag. adjustment (mag) —0.6 2.7 1.8 1.8 0.1 2.4 1.8 1.7
Phase¥) 48 97 65 65 63 92 75 74
Dist. from Earth (AU) 0.2 1.22 0.76 0.76 0.29 11 0.75 0.73
Angular vel. ('/h) 82 407 146 148 116 209 147 148

setting and rising of the two. However, RA is a function of theearches also benefit from the darker skies these positions allc

angle between the Earth—Sun line and Earth’s axis, and thusl@wvever, the density of objects decreases sharply fvitthus,

function of the time of year. The question of observability is alsabservational searches should perhaps be tailored to optim

affected by the position on the globe of the observatory. the local strengths, be they wide field of view or faint limiting
Instead of performing a detailed examination of observabilitpagnitude.

for particular observatories over the course of a year, we use
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