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We study the evolution of long-period comets by numerical in-
tegration of their orbits, a more realistic dynamical approach than
the Monte Carlo and analytic methods previously used to study
this problem. We follow the comets from their origin in the Oort
cloud until their final escape or destruction, in a model solar sys-
tem consisting of the Sun, the four giant planets and the Galactic
tide. We also examine the effects of nongravitational forces as well
as the gravitational forces from a hypothetical solar companion
or circumsolar disk. We confirm the conclusion of Oort and other
investigators that the observed distribution of long-period comet
orbits does not match the expected steady-state distribution unless
there is fading or some similar physical process that depletes the
population of older comets. We investigate several simple fading
laws. We can match the observed orbit distribution if the fraction
of comets remaining observable after m apparitions is ocm~06+01
(close to the fading law originally proposed by Whipple 1962); or
if approximately 95% of comets live for only a few (~6) returns
and the remainder last indefinitely. Our results also yield statistics
such as the expected perihelion distribution, distribution of aphe-
lion directions, frequency of encounters with the giant planets and
the rate of production of Halley-type comets. © 1999 Academic Press

Key Words: comets, dynamics; comets, origin; trans-neptunian
objects.

1. INTRODUCTION

the length of time over which routine telescopic observations
have been taken—the sample of comets with longer periods i
much less complete; (iii) the planetary perturbations sufferec
by comets with periods longer than 200 yr are uncorrelated ot
successive perihelion passages. The orbits of typical Halley
type and Jupiter-family comets are further distinguished by
(i) their inclinations, which are much larger for Halley-type
comets; (ii) their Tisserand invarian®s, which are typically
greater than 2 for Jupiter-family comets (Carusi and Valsecch
1992; Levison 1996). In this paper we focus on the LP comets

LP comets are believed to come from the Oort cloud (Oort
1950), a roughly spherical distribution of 910" comets with
semimajor axes between0and 1§ AU. The Oort cloud was
probably formed from planetesimals ejected from the outer plan
etary region by planetary perturbations. LP comets—and per
haps some or all Halley-family comets—are Oort-cloud comets
that have evolved into more tightly bound orbits under the in-
fluence of planetary and other perturbations (Bed€z 1994;
Weissman 1996a). Jupiter-family comets probably come fromn
a quite different source, the Kuiper belt found just beyond
Neptune.

The observed distributions of orbital elements of thé00
known LP comets are determined mainly by celestial mechan
ics, although physical evolution of the comets (e.g., fading or
disruption during perihelion passage near the Sun) and observ
tional selection effects (comets with large perihelion distances

Comets can be classified on the basis of their orbital pefodsare undetectable) also play major roles. The aim of this paper i
into long-period (LP) comets witP > 200 yr and short-period to construct models of the orbital evolution of LP comets and
(SP) comets withP < 200yr. Short-period comets are furtheto compare these models to the observed distribution of orbita
subdivided into Halley-type comets with 20yrP < 200yrand elements.

Jupiter-family comets withP <20yr (Carusi and Valsecchi

This problem was first examined by Oort (1950), who fo-

1992). The boundary between SP and LP comets correspoodsed on the distribution of energy or inverse semimajor axis
to a semimajor axia = (200¥/® AU = 34.2 AU; this divisionis He found that he could match the observed energy distributior
useful because (i) it distinguishes between comets whose aphstitisfactorily, with two caveats: (i) he had to assumadmoc

lie within or close to the planetary system and those that ventutisruption probabilityk = 0.014 per perihelion passage; (ii) five
beyond; (ii) an orbital period of 200 yr corresponds roughly thmes too many comets were presentin a spike (the “Oort spike”
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LONG-PERIOD COMET EVOLUTION 85

near zero energy. He argued that comets in the Oort spike, béthe ascending nod®; when examining the distribution of
ing typically on their first passage close to the Sun, may havehese elements we will therefore work with the entire sampile
greater capacity for producing gaseous envelopes. This effediNs= 658) of LP comets. The original semimajor axis and ec-
now generally ascribed to the sublimation of volatile ices (e.gentricity are generally quite different from the values of these
CO, CQ). When the comet subsequently returns (assumingelements near perihelion, so when we examine these elemel
has avoided ejection and other loss mechanisms), the supplyvefwill use only the smaller samplBl(= 287) for which original
volatiles has been depleted so the comet is fainter and hence ml@ymnents are available.
escape detection. Most of the decrease in brightness would oc-
cur during the first perihelion passage, and the brightness woftd- S
level off as the most volatile components of the comet’sinventory The energy per unit mass of a small body orbiting a poin
were lost. This “fading hypothesis” has played a central role inassM is —%G M/a, wherea is the semimajor axiéFor sim-
all subsequent attempts to compare the observed and predigiieity, we often use the inverse original semimajor axis 1/a
energy distributions of LP comets. The term “fading” will beas a measure of orbital energy (although this neglects the co
generalized here to includdl factors that reduce the intrinsictribution to the energy from the Galactic potential, which can be
brightness of the comet near perihelion, and includes splittiirgportant at large semimajor axes). The boundary between S
into two or more large pieces, disruption into many small piecesnd LP comets is at= (200 yr) %3 =0.029 AU L.
the depletion of volatiles, and the formation of insulating crusts Figure 1 displays histogramsxf= 1/aforthe 287 LP comets
of refractory materials. with known original orbits, at two different horizontal scales.
In Section 2 we examine the observed distribution of LP com&he error bars on this and all other histograms #fle stan-
orbits. The basic theoretical model of LP comet evolution iard deviation ¢) assuming Poisson statistias £ N/2), un-
reviewed in Section 3. The simulation algorithm is describddss stated otherwise.
in Section 4, and the results are presented in Section 5. Th&he sharp spike in the distribution far<10~* AU~ (the
simulations and results are described in more detail by Wiegé&@iort spike”) was interpreted by Oort (1950) as evidence for ¢
(1996). population of comets orbiting the Sun at largex(10 000 AU)
distances, a population which has come to be known as tf
2. OBSERVATIONS Oort cloud. Comets in the spike are mostly dynamically “new”

_comets, on their first passage into the inner planetary syste
The 1993 edition of theCatalogue of Cometary Orbits from the Oort cloud.

(Marsden and Williams 1993) lists 1392 apparitions of 855 in- o .
dividual comets, of which 681 are LP comets. Of these, 24 a#e2. Perihelion Distance

considered to be members of the Kreutz group, believed to bq:igure 2 shows the number of known LP comets versus pe:
fragments of a larger cometary body (Marsden 1967; Marsdgpyjion distancey. The peak near 1 AU is due to observational
1989). The Kreutz group will be considered as a single comghs: comets appear brighter when nearer both the Sun and t
here, reducing the sample to 658 LP comets. The Marsdegath. The intrinsic distributiomN(q), defined so thaN(q) dq
Williams catalog includes, where possible, the comet's oscult-the number of detectezhd undetected LP comets with per-
ing orbital elements at or near perihelion. When studying LRglion in the interval @1, q+dg], is difficult to determine.
comets it is often simpler to work with the elements of the orbiornart (1967b) concluded that(q) 0.4+ 0.6q for q <

on which the comet approached the planetary system, replacing and that fog > 1 AU, N(q) is poorly constrained, proba-
the mass of the Sun by the mass of the Sun plus planetf and W’P,J,W'Iying between a flat profile and one increasing linearly with
ing in the frame of the solar system barycenter (the *origina}; "k resik and Pittich (1978) also found the intrinsic distribu-
elements). These can be calculated from the orbit determingg, of q to be largely indeterminate gt> 1 AU, but preferred
near perihelion by integrating the comet’s trajectory backwardsmodel in whichN(q) < q¥2 over the range & q <4 AU.

until it is outside the planetary system. Marsden and Williamshgemaker and Wolfe (1982) estimatgHN (q) dg oc 5007 —

list 289 LP comets that have been observed well enough (qualjtys forq> 1.3 AU.

classes 1 and 2) so that reliable original elements can be comypege analyses also yield the completeness of the observ

puted. Three of these are Kreutz group objects, which we couimple as a function af. Everhart estimates that only 4% of

as a single object, leaving a sample of 287. observable comets witlh< 4 AU are detected; the correspond-

The differences between the original elements and the ejfy fraction in Shoemaker and Wolfe is 28%. Kaksind Pittich

ments near perihelion are generally small for the inclindtion estimate that 60% of comets with< 1 AU are detected, drop-

perihelion distance|, argument of periheliow, and longitude ing to only 296 aty = 4 AU. Clearly the sample of LP comets is
seriously incomplete beyorgl= 1 AU, and the incompleteness

emimajor Axis

1 Angular elements without subscripts are measured relative to the ecliptic.
We shall also use elements measured relative to the Galactic plane, which w&The units used in this paper when required are years, AUMasdsuch that
denote by a tildei,e., T, 2 andd. G =4r2
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FIG.1. Distribution of original inverse semimajor axes of 287 LP comets at two different magnifications (pdn)elsd for the 170 LP comets with the most
accurate Class | orbits (panelsl). Data taken from Marsden and Williams (1993). There is no obvious difference between the top and bottom panels, sugge
that the inclusion of the less accurate Class Il orbits does not severely distort the semimajor axis distribution.

is strongly dependent aon In comparing the data to our simu- We have also explored a more elaborate model for selectiol
lations we must therefore imposealependent selection func-effects based on work by Everhart (1967a,b; see Wiegert 199
tion on our simulated LP comets. We shall generally do thier details). In this model the probability, that an apparition

in the crudest possible way, by declaring that our simulatéslvisible is given by

comets are “visible” if and only i < gy, whereq, is taken to be

3 AU. This choiceis unrealistically large—probally= 1.5 AU 0 ifg>25AU
would be better—but we find no evidence that other orbital el-  p,(q) =1 25-(q/1AU) f15<g<25AU (1)
ements are correlated with perihelion distance in the simula- 1 if g < 1.5 AU.

tions, and the larger cutoff improves our statistics. We shall
use the term “apparition” to denote a perihelion passage wille use of this visibility probability in our simulations makes
g < Q. very little difference in the distributions of orbital elements
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FIG.2. NumberN versus perihelion distancgfor 658 LP comets, on two different horizontal scales. Data taken from Marsden and Williams (1993). The s
line is the estimated intrinsic distribution from Kedsand Pittich (1978), the two dotted lines are from Everhart (1967b), and the dashed line is from Shoem:

and Wolfe (1982). The appropriate normalizations are difficult to determine for the first two curves, and are chosen arbitrarily for plotting purposes

(except, of course, for perihelion distance). For the sake wbuld be flat in this figure, as indicated by the heavy line.
brevity we shall mostly discuss simulations using the simpl&verhart (1967b) argued that inclination-dependent selection e

visibility criterion q < g, = 3 AU.

2.3. Inclination

fects affect this result at only the 10% level.
The inclination distribution in ecliptic coordinates is incon-
sistent with spherical symmetry: the statistic indicates a low
Figure 3 shows the distribution of the cosine of the incling=s1%) probability that the distribution shown in Fig. 3a is flat
tion for the LP comets. A spherically symmetric distributiofNakamura 1979 and references therein). This is a result of tf

FIG.3. Thedistribution of the cosine of the inclination for the 658 LP comets in (a) ecliptic coordinates, and (b) Galactic coordinates. A sphericalizsymr
distribution is indicated by the flat line. Data taken from Marsden and Williams (1993).
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FIG. 4. The distribution of the longitude of the ascending node of the 658 LP comets in (a) ecliptic coordinates and (b) Galactic coordinates. Data take
Marsden and Williams (1993).

excess of comets dtosi| ~ 1, possibly resulting from biasesthe Galactic tide, which draws inward the perihelia of Oort-cloud
towards the ecliptic plane in comet searches and contaminatammets withw'in this range (Section 4.3.2, Eq. (30)).
by SP comets whose orbits are too poorly known to determine
their eccentricity. 2.6. Aphelion Direction
The inclination distribution in Galactic coordinates may have _. o ) .
a gap near zero inclination, possibly reflecting the influence of Figure 6 shoyvs th_e Q|str|but|on of_the aph_ehon directions of
the Galactic tide (4.1.2), or confusion from the dense backgroutitf LP comets in ecliptic and Galactic coordinates.
of stars and nebulae in the Galactic plane; howevery fretatis- Claims have been made for a clustering of aphelion direc-

tic is consistent with a flat distribution at the 70% level. We Wiﬂions around the splar antapeg.d, Tryor 1957; Oja 1975;
return to the features of this distribution in Section 2.6. Bogart and Noerdlinger 1982), but the presence of comple>
selection effects, such as the uneven coverage of the sky &

comet searchers, renders difficult the task of unambiguously de
termining whether or not clustering is present. Newer analyse:

The distribution of longitude of the ascending n&@és plot-  Withimproved catalogue®(g, Lust 1984; Neslusan 1996) have
ted in Fig. 4. The flat line again indicates a spherically syngenerally supported the hypothesis that LP aphelion direction
metric distribution. Everhart (1967a, 1967b) concluded thate randomly distributed.

Q-dependent selection effects are likely to be negligible. The Whipple (1977) has shown that it is unlikely that there are
x2 test indicates that the ecliptic and galactic distributions aféany large comet groups (comets having split from the sam

consistent with a flat distribution at only the 30% agd% Parentbody) in the observed sample though the numere2@)(
levels, respectively. observed comet splittings makes the possibility acceptable i

principle. A comet group would likely have spread somewhat
in semimajor axis: the resulting much larger spread in orbital
period P o« a¥? makes it unlikely that two or more members
Figure 5 shows the distribution of the argument of perih@f such a split group would have passed the Sun in the 200 y
lion w for the LP comets. Comets with<Ow < 7 outnumber for which good observational data exist. The Kreutz group of
those withr < w < 27 by a factor of 373285=1.31+ 0.10. sun-grazing comets is the only generally accepted exception.
This excess is probably due to observational selection (EverharFigures 7a and b show histograms of comet number versu
1967a, Kreak 1982): comets with @ w <7 pass perihelion the sine of the ecliptic latitudg and of the Galactic latitude
north of the ecliptic, and are more easily visible to observebsof their aphelion directions. The ecliptic latitudes deviate
in the northern hemisphere. The distribution in the Galactanly weakly from a spherically symmetric distribution and this
frame has an excess of comets with orbits in the rangessin @~ deviation is likely due to the lack of southern hemisphere come
(377/281=1.34 £ 0.11). This effect is almost certainly due tosearchers. The Galactic distribution shows two broad peaks

2.4. Longitude of Ascending Node

2.5. Argument of Perihelion



LONG-PERIOD COMET EVOLUTION 89

(@) (b)

FIG. 5. The distribution of the argument of perihelion in (a) the ecliptic frameand (b) the Galactic frame, for the 658 LP comets. Data taken from
Marsden and Williams (1993).

centered roughly on sim~ £0.5. It will be shown that these e Lettheratio ofthe number of prograde comets in the ecliptic
probably reflect the influence of the gravitational tidal field drame to the total ba&s;. This parameter measures the isotropy
the Galaxy, which acts most strongly when the Sun-comet linéthe LP comet distribution.

makes a 45angle with the Galactic polar axis (Delsemme and

Patmiou 1986), We estimate these parameters using all LP comets with orig

inal orbits in Marsden and Williams (1993):

2.7. Orbital Elements of Dynamically New Comets
W, = 109/287=0.380+ 0.043

For some purposes it is useful to isolate the distribution of or- W, = 19/287=0.066+ 0.015 )
bital elements of the 109 dynamically new comets whose origi-
nal semimajor axes lie in the Oort spikes=1/a <104 AU, W3 = 145/287=0.505+ 0.051
In particular, they will provide a basis of comparison with th%or consistency,

. . o . we based our calculationdgf on the 287
Qynammal models (SeCt.'on.S'l.)' The d_|str|but|ons of pe”h%bmets with known original orbits, even though knowledge of
lion distance, as well as inclination, longitude of the ascendi

o . . 0 original orbit is not required since; depends only on an-
node, and argument of perihelion in Galactic coordinates, are ﬁlar elements. If we consider all 658 LP comets (again takin

shown in Fig. 8. The distribution of aphelion directions is sho Kreutz group to be a single comet), we figl= 321/658=

n Fig. 9. We note again that the hyperbohc comets are ',nC|Ud8.(§8Si 0.033; the two values are consistent within their error
in these figures, on the assumption that they are coming fr%rs

the Oort cloud. We denote theoretical values of these parametergognd

2.8. Parameterization of the Distribution of Elements compare theory and observation through the parameters

For comparison with theoretical models, we shall parameter Xi=—L =123 3)

ize the observed distribution of LP comets by three dimension- 7

less numbers: which should be unity if theory and observation agree.

e The ratio of the number of comets in the Oort spikea(k
10~4 AU~1) to the total number of LP comets is denoteddpy 3. THEORETICAL BACKGROUND
This parameter measures the relative strength of the Oort spike.
e The inverse semimajor axes of LP comets range from zeJ“?(Ol' The Oort Cloud
(unbound) to 0.029 AG! (P =200yr). Let the ratio of the  The spatial distribution of comets in the Oort cloud can be
number of comets in the inner half of this range (0.0145 weduced from the assumption that these comets formed in tl
0.029 AU™) to the total bew,. This parameter measures theuter planetary region and were scattered into the Oort clou
prominence of the “tail” of the energy distribution. through the combined perturbations of the Galactic tide an
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FIG.6. All658long-period comet aphelion directions on ecliptic (a) and Galactic (b) equal-area maps. More precisely, these are the antipodes bbthe per
directions. The crossed circle is the solar apex. Data taken from Marsden and Williams (1993).

planets (Duncaret al. 1987). These calculations suggest—imffected by encounters with planets, passing stars and molect
order of decreasing reliability—that (i) the cloud is approxikar clouds. Comets are also lost through collisions with the Sur
mately spherical; (ii) the velocity distribution of comets withirand planets. Through these mechanisms, between 40% (Dunc:
the cloud is isotropic; in other words the phase-space distribet-al.1987) and 80% (Weissman 1985) of the original Oort cloud
tion is uniform on the energy hypersurface, except perhapsnady have been lost over the lifetime of the Solar System, leav
very small angular momentum where the comets are removad perhaps 1%-10'3 comets (cf. Eq. (37)) with mass40Mg,
by planetary encounters; (iii) the cloud’s inner edge in semiWeissman 1996a) in the present-day comet cloud. These nun
major axis is near 3000 AU, with a space number density bérs are uncertain by roughly an order of magnitude.
comets roughly proportional to-3° from 3000 to 50 000 AU. If the phase-space distribution of comets is uniform on the
Orbits of comets in the Oort cloud evolve mainly due tenergy hypersurface, then the number of comets at a give
torques from the overall Galactic tidal field, but they are alssemimajor axis with angular momentum less tllashould be
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FIG. 7. The sine of the aphelion latitudes of the 658 LP comets in the ecliptic (a) and Galactic (b) reference frames. The heavy line indicates a sph
symmetric distribution. Data taken from Marsden and Williams (1993).

oJ?; this in turn implies that the number of comets with periOort cloud. Such comets are said to lie in the “loss cylinder’

helion in the ranged, q + dg] should beN(q) dg, where in phase space because they are lost from the Oort cloud with
one orbit (the term “cylinder” is used because at a given locatiol
N(q) o 1 — 9’ g<a 4) within the cloud_, the constraiqt.< qis satisfigd in gcylinQricaI
a region in velocity space: for highly eccentric orbiis< g im-

. T T lies that th | =(2GM 12 which
(Hills 1981). This distribution is modified if there are loss mect{-’ ies that the angular momentuin< J = (2GMoq) ™', whic

nisms that d d st | inelion dist n turn implies that the tangential velocity < J,/r). The loss
anisms that depend strongly on perinelion distance, as we r‘8)\/Yinder is refilled by torques from the Galactic tide and othel

discuss. sourcesé.g.0Oort 1950; Weissman 1978; Hills 1981; Morris and
. Muller 1986; Torbett 1986).
3.2. The Loss Cylinder The comets in the Oort spike are inside the loss cylinder an
A comet that passes through the planetary system receivdgace must generally be on their first passage through the pla
gravitational kick from the planets. The typical energy kick etary system (this is why we designated the 109 comets wit
depends strongly on perihelion distance (and less strongly bfa < 10~ AU~ as dynamically “new” in Section 2.7). The
inclination): Ax~1x 10~3 AU~ for q <6 AU, dropping to loss cylinder concept also explains why the energy spread |
1x10*AUtatg~10AU and 1x 10 ° AUt atq~20 AU the Oort spike is much narrower than the energy spread in tr
(van Woerkom 1948; Everhart 1968; Farmilez 1981; Duncan Oort cloud itself: comets with smaller semimajor axes have :
etal.1987). For comparison, atypical cometin the Oort spike hamaller moment arm and shorter period so their per-orbit ar
x <104 AU~L. Since these comets have perihelipry 1 AU, gular momentum and perihelion distance changes are smalle
they receive an energy kickx > x during passage through thefor a < 2 x 10* AU the perihelion cannot jump the “Jupiter bar-
planetary system. Depending on the sign of the kick, they wifler,” i.e., cannot evolve frong > ¢ ~ 10 AU (large enough to
either leave the planetary system on an unbound orbit, neberoutside the loss cylinder) tp<1 AU (small enough to be
to return, or be thrown onto a more tightly bound orbit whoseésible) in one orbital period (Weissman 1985). Thus the inne
aphelion is much smaller than the size of the Oort cloud. In eithedge of the Oort spike is set by the condition that the typi-
case, the cometis lost from the Oort cloud. More precisely, ontpl change in angular momentum per orbit equals the size ¢
about 5% of dynamically new LP comets leave the planetatlye loss cylinder, and does not reflect the actual size of th
system with semimajor axes that again place them within tort cloud (Hills 1981). The new comets we see come fron
outer Oort cloud (Weissman 1978, 1979). an outer or active Oort cloudh& 2 x 10* AU) in which the
More generally, we can define a critical perihelion distandgpical change in angular momentum per orbit exceeds the r:
g ~ 10 AU such that comets wittp) < ¢ suffer a typical energy dius of the loss cylinder. Thus, in the outermost regions of the
kick at perihelion which is larger than the typical energy in th®ort cloud, losses from planetary perturbations do not strongl
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comet in the field of the giant planets, the Sun, and the Galac
tic tide is quite complicated, but considerable analytic insight

3.3. Energy Evolution of LP Comets

)

C

FIG. 8. Distribution of orbital elements for the 109 dynamically new comefa @ 10~* AU~1): (a) perihelion distance; (b) inclination; (c) longitude of

ascending node; (d) argument of perihelion. All angular elements are measured in the Galactic frame.

ible comets except during a rare comet “shower” caused byLet us examine the motion of an Oort-cloud comet after it
an unusually close stellar encounter which perturbs them sefiters the planetary system for the first time. The motion of &
1987; Heisler 1990; Whipple 1994). In this inner cloud, lossesn be obtained if we approximate the comet’s evolution aftel
from planetary perturbations strongly deplete the distributidhenters the loss cylinder as a random walk in energy, with the

momentum (the loss cylinder is said to be “full”), and the equsaid to be “empty”) and thus it does not contribute to the Oort

librium distribution of perihelion distances (Eq. (4)) remainspike.

affect the phase-space distribution of comets near zero angwhicomets at small perihelion distances (the loss cylinder is
approximately valid within the loss cylinder. The more mas-

sive inner Oort cloudd <2 x 10* AU) does not produce vis-

ficiently to jump the Jupiter barrier (Hills 1981; Baileyt al
1987; Ferahdez and Ip 1987; Heislat al. 1987; Hutet al.
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FIG.9. Equal-area plot of the aphelion directions of the 109 dynamically new comets in the Galactic frame. The crossed circle is the solar apex.

other orbital elements remaining constant. The energy kicks gassages will fade before tha ¢ 1)st passage,
cur near the comet’s perihelion passage, the only phase of the
orbit at which planetary perturbations are important (planetary
perturbations also affect the comet’s other orbital elements, but
to a much smaller relative degree since the energy is small when
the semimajor axis is large). The random walk continues until The simplest version of the random-walk problem is obtainec
the comet reaches an unbound orhit<(0) or some arbitrary Py assuming that there is no fading(=0) and that the en-
inner barrier, usually taken to be the LP—SP boundary. The &0y changes by discrete steps with equal probability. In this
Sumption that comets disappear When they become SP Conﬁ,‘@ée the pOSSible values of the energy are restricted to a latti
is unrealistic, but our simulations show that the fraction of LE= (] — 1), wherej is aninteger, and the random walk is iden-
comets that survive fading and ejection to become SP comet#¢8! to the gambler’s ruin problem (Kannan 1979; Feller 1968)
small enough that the details of SP comet evolution are unlikelj?¢ end-state of ejectiorj & 0) corresponds to bankruptcy; if
to affect the distribution of LP comets. in addition we assume that there is an absorbing boundary
These simplifying assumptions have formed the basis of an¥e= (isp— 1), then evolving to an SP comet corresponds tc
yses by many authore.g.Oort 1950; Kendall 1961; Whipple Preaking the house. Thus, for example, the probabilities that &
1962; Lyttleton and Hammersley 1963; Weissman 1978). Th& comet with energy j(— 1)e will eventually be ejected or
random-walk approximation can be justified for comets witAécome a short-period comet are respectively
large semimajor axes using simple dynamical models based on ) i
area-preserving maps (Petrosky 1986; Sagdeev and Zaslavsky Pej=1— L Psp= L 7
1987; Chirikov and Vecheslavov 1989). Isp Isp
Recallthat the term “fading” is used here to denote any change . i o
in the properties of the comet that would cause it to disappé%ﬂd the mean number of orbits that the comet will survive is
from the observed sample. We parametrize the fading process o i
by a functiondm e [0, 1], m=1, 2, ... (&1 = 1), the probabil- (m) = (isp = J)- (8)
ity that a visible, dynamically new comet survives fading for at ) ) S
leastm perihelion passages. There are two closely related furftNew comet hag =1 and its mean lifetime is therefofen) =
tions: the probability that the comet will survive for precisely Isp — 1; the ratio of new to all LP comets observed in a fixed
perihelion passages, time interval is

_‘p_m_l_%. (6)

lﬂm—d)m— o

1 1

t_ —
¢m=Pm — Pmya, (5) V1= (my jsp— 1 ®)

and the conditional probability that a comet that survimes There are also explicit expressions for the probability that the
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comet is ejected or becomes an SP comet airtheperihelion tant. He found a good fit to most of the energy distribution for
passage (Feller 1968). k =0.014; however, he found that the number of new comets wa:
The gambler’s ruin problem is particularly simple if therdarger than the model predicted by a factor of 5, and hence wa
is no boundary condition at large(xsp— 00), which is rea- forced to assume that only one in five new comets survive as vis
sonable since few comets reach short-period orbits anywi@je comets to their second perihelion passage—in other word
(Section 5.2.1). The probability that a new comet will be ejectetl, = 0.8, ¥, = 0.014 form > 1. Kendall (1961) and Yabushita

on themth orbit is then (1979) have analyzed the casg,— oo, ¥yn=Kk=constant,
p(y) x exp(=2Y2|y|/o), wheres isthe RMS energy change per
1 m d perihelion passage. Kendall derives a reasonable fit to the data
Pei(M) = ooy Im4+1) m odd (10) k=0.04 and one in four to six new comets survive to the seconc

perihelion—results roughly compatible with Oort’s. Kendall's
model predicts aratio of new comets to all LP comets observed il
a fixed time interval given by} = k%2 =0.2. Yabushita (1979)
gave analytic formulae fopej(m) for this model, and showed
that the probability that a comet will survive for at leasbrbits
js ~exp(km)/ mY/2 for largem. Whipple (1962) examined sur-
vival laws of the formp,, « m~¢ (the proportionality constant is
0qetermined by the condition that,, ¢m = 1) and found a good

fit to the observed energy distribution with>~1.7. Everhart

= 0, m even;

for m>> 1, pej(m) — (2/7)2m~%2 for m odd, and zero other-
wise. The mean lifetim&_,_; mp,(m) is infinite. The proba-
bility that a comet will survive for at leash orbits is~m~/2
for large m; this agrees with the empirical results of Everha
(1976) and Weissman (1978).

When using the gambler’s ruin to model the evolution

LP comets, we take~5 x 1074 AU, which is the RMS en- RN ) ) .
ergy change for comets with perihelion between 5 and 10 A@979) used a distributiop(y) derived from his numerical ex-

(Ferréindez 1981; Duncaet al. 1987) andxsp= 0.029 AU~ periments and found, ~ 0.2 for allm > 1; in other words only
— ) o — ..t oneinfive comets survived to the second perihelion passage bl
(P =200yn); thus js,=60. Equation (9) then predicté; = he fading after that time was negligible.

0.017; the ratio of the predicted to the observed value for th , .

parameter (cf. Eq. (3)) is F_or some purposes th_e random walk can be approxmated é

a diffusion process; in this case the relevant equations and the

t solutions are discussed by Yabushita (1980). Bailey (1984) ex

X;=—t =0.051+ 0.006 (11) amines solutions of a diffusion equation in two dimensions (en-

Y1 ergy and angular momentum) and includes a fading probability

otnat depends on energy rather than perihelion number—whic

Is less well motivated but makes the equations easier to solv
ﬁ%e justifies his fading function with aa posteriori“thermal

shock” model, in which comets with large aphelia are more sus:

gptible to disruption because they approach perihelion with

er temperature). Bailey finds a good fit to the observed en

y distribution if the fading probability per orbit is

The gambler’s ruin model predicts far too few comets inthe O
spike relative to the total number of LP comets.

This simple model also makes useful predictions about t
inclination distribution of LP comets. The distribution of dy-
namically new comets is approximately isotropic, so there f
equal numbers of prograde and retrograde new comets. Si
prograde comets have longer encounter times with the plangtrsq
they tend to have larger energy changes than retrograde comets.

Equation (9) predicts that the ratio of prograde to retrograde LP ¢(x) =0.3[1 4 (x/0.004 AUY]
comets should be roughly the ratio of the RMS energy change

for these two typessreno/€pro = 2—3. The fraction of prograde Emel'yanenko and Bailey (1996) have modeled the distribution
comets should then bég =1/(1 + €pro/€rer0) = 0.3. The ratio  of LP comets using a Monte Carlo model with, = k = constant

of the predicted to the observed value for this parameter (pfus an additional probability per orbit that the comet is re-
Eq. (3))is juvenated. Their preferred values &re- 0.3 andk* = 0.0005.

The most complete model of LP comet evolution based on
random walk in energy is due to Weissman (1978, 1979, 1980)
His Monte Carlo model included the gravitational influence of
the planets, nongravitational forces, forces from passing star:
The gambler’s ruin model predicts too few prograde comets.tidal disruption by and/or collision with the Sun and planets, and

More accurate investigations of this one-dimensional randdading and splitting. In his preferred model, 15% of the comets
walk have been carried out by many authors since 1950. Alave zero disruption probability, and the rest had a probability
though the observational data have improved dramatically oxe#r0.1 per orbit; using these assumptions, Weissman was abl
this interval, the results from comparing the data to theoretidal successfully reproduce the semimajor axis, inclination, anc
models have remained remarkably consistent. perihelion distributions.

Oort (1950) approximated the probability distribution of en- The one-dimensional random walk is a valuable tool for un-
ergy changep(Ax) by a Gaussian and assumggd=k =cons- derstanding the distribution of LP comets. However, some of its

%2 (13)

q,t
3:—: . . 3
X 8 —0.58+ 0.06 (12)
W3



LONG-PERIOD COMET EVOLUTION 95

assumptions are not well justified: (i) Secular changes in pecemponent, and that the decline of brightness with increasin
helion distance, argument of perihelion, and inclination at eabkliocentric distance is much slower for new comets. Many au
perihelion passage accumulate over many orbits and can I¢aoks have looked for evidence that new comets differ in compc
to substantial evolution of the orientation and perihelion (Quirsition or brightness from older LP comets, with mixed results;
et al. 1990; Baileyet al. 1962; Thomas and Morbidelli 1996). Whipple (1991) summarizes these investigations by saying th:
(i) Although the probability distribution of energy change(yy) the Oort—Schmidt effect is “fairly well confirmed.”
is approximately an even functiomf)¥? is larger than'y) by Fading is much slower after the first perihelion passage, &
O(Mp/Mg)], the random changes in energy due to the secoeslemplified by the long history of Halley’'s comet. Whipple
moment grow only asn'/2 wherem is the number of orbits, (1992) concludes that there is no strong evidence that older (i.e
while the systematic changes due to the first moment grow gisorter period) LP comets have faded relative to younger LI
m. Thus the small asymmetry in(y) may have important con- comets, consistent with theoretical estimates thd+10 or-
sequences. (iii) The approximation that successive change®iits are required for moderate-sized comets to lose their volatile
energy are uncorrelated neglects possible resonances betwi#é¢gissman 1980) and the lack of strong systematic trends in tf
the comet and planetary orbital periods. brightness of SP comets (e.g., P/Halley, Stepheatah1985).
For example, a number of other investigations have foundComets may also fade if they disrupt or split. After splitting,
significant discrepancies between the predictions of the oriee fragments may be fainter and hence less likely to be visi
dimensional random walk or diffusion approximation and morgle, and in addition lose their volatiles more rapidly. Moreover,
accurate techniques. Donetal. (1996) found that the diffusion young comets are more likely to split than old ones: Weissma
approximation overestimated the median lifetime of Centaurs (4980) gives splitting probabilities per perihelion passage o
afactor ranging from 1 to 10. Duncan and Levison (1997) fourid10+ 0.04 for dynamically new comets but onlyd25+ 0.011
that 1% of Neptune-crossing test particles survived for the agefof LP comets in general. The cause of splitting is not well un-
the solar system, a fraction far larger than the diffusion approxierstood, except in some cases where splitting is due to tid
mation predicts (most of the survivors were trapped in resondatces from a close encounter with the Sun or a giant planet.
orbits). Similarly, Malyshkin and Tremaine (1998) found that Finally, we note that LP comets are responsible for 10—309%
the long-term survival of planet-crossing orbits in the planar ref the crater production by impact on Earth (Shoemaker 198
stricted three-body problem was much larger than predicted Yeissman 1990). The observed cratering rate can therefore—
the diffusion approximation, a result they attribute to resonanpenciple—constrain the total population of LP comets, whethe

sticking. or not they have faded; however, this constraint is difficult to
evaluate, in part because estimates of comet masses are qt
3.4. The Fading Problem uncertain.

All the investigations described in the previous subsection
reach the same conclusion: if the LP comets are in a steady state
then one or more mechanisms (“fading”) must remove most, or, .

We represent each comet by a massless test particle and |
atleast some, of the comets from our observed sample after their .~ ; : ‘
. oo o ) ct interactions between comets. The orbit of the test part
first perihelion passage (Oort 1950; Whipple 1962; Marsden and - . . o .

. . ; 0 T “Cle is followed in the combined gravitational fields of the Sun,
Sekanina 1973). Therefore either (i) the comet distribution is not . o
: . . . o the four giant planets, and the Galactic tide. We assume that ti
in a steady state, which almost certainly requires rejecting mog L :

" : planets travel around the Sun in circular, coplanar orbits. Wi
of the Oort mode?, or (i) we must postulatad hocfading laws . L
o - _neglect the terrestrial planets, Pluto, the small free inclination
and abandon the use of the energy distribution as a convincin L : .
eccentricities of the giant planets, and their mutual pertul

o . a
test of.the Oort T“Ode'- Thisis the f‘.”‘d'”g problgm. ba%ions, as there is no reason to expect that these play significe
Fading can arise from many possible mechanisms butthe MOSL < in the evolution of LP comets

natural hypothesis is that the comet’s brightness fades sharrpﬂy
becau;e its near-surface inventory Qf iges more volatile than Equations of Motion

water is depleted during the first perihelion passage. Oort and

Schmidt (1951) have argued that this hypothesis is supported by he equations of motion of the comet can be written as
the observation that dynamically new comets have strong con-

tinuum spectra due to dust entrained by the gases from a volatile ¥ =Fo + Fplanetst Fiide + Fother (14)

4. ALGORITHM

where the terms on the right side represent the force per unitma
3 There are advocates of this position (see Bailey 1984 for references), fi@m the Sun, the planets, the Galactic tide, and other sourc

we are not among them. It is possible that we are currently in a comet show@;g., nongravitational forces).

however (i) the duty cycle of showers is only about 2% (Heisler 1990, Weissman
1996a,b), so tha priori probability that we are in a shower is small; (ii) the 4.1.1. The planets. We shall employ two frames of refer-

prominent Oort spike seen in the observations would be erased during a shd®f€: the barycentric frame, whose Origin_ is the .Center of ma:
except near the beginning of the shower. ofthe Sun and the four planets, and the heliocentric frame, whos
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origin is the Sun. In the barycentric frame, The local mass density is less well known. Visible matter (stars
GM, GM, and gas) contributes aboutlM, pc—3, but the amount of dark

Fo + Fplanets= —m(f —Io)— Z m(f —Trp), matter present in the solar neighborhood remains controversia

© p P If the dark matter is distributed like the visible matter, then the

(%) dark/visible mass rati® is between 0 and 2 (Oort 1960; Bahcall
wherer, rq, andr, are the positions of the comet, the Sun, anti984; Kuijken and Gilmore 1989; Kuijken 1991; Bahcetlal.
planetp. In the heliocentric frame, the Sun is at the origin and.992). We adoppo = 0.15 M, pc2 in this paper, correspond-

ingto P=0.5.
Fo + Fplanets= — GMo Z GM, (r—rp) With these values of, B, andpy, the 4 Gpp term of Eqg. (18)
Ir|3 5 Ir—rpl3 exceeds the others by more than a factor of 10, and from now o
GM we shall neglect these other terms. The dominant component ¢
p . . . . . .
— Z Wr P (16) thetidal force arises from a gravitational potential of the form
p p

L 52
the last sum is the “indirect term” that arises because the helio- Viide = 277 GpoZ”. (19)

centric frame is not inertial.

The heliocentric frame is useful for integrating orbits at small In practice, of course, the local densjty varies as the Sun
radii,|r| < |rpl, because it ensures that the primary force centéavels up and down, in and out, and through spiral arms durin
the Sun, is precisely at the origin (see Section 4.1.4). Itis not wi#f orbit around the Galaxy. The amplitude of this variation de-
suited for integrating orbits at large radii| % |r p|, because the pends strongly on the unknown distribution and total amount of
indirect term does not approach zero, and it oscillates withdisk dark matter. The maximum-to-minimum density variation
period equal to the planetary orbital period—thereby forcingpuld be as large as 3:1 (Mateseal. 1995) but is probably
the integrator to use a very small time step. In the integrationensiderably smaller, with a period around 30 Myr [close to
we switch from heliocentric to barycentric coordinates when t}ﬁn/Gpo)l/z, the half-period for oscillations in the potential
comet radiugr| exceeds a transition radiug tests show that (19)]. We are justified in neglecting these variationggn be-
the integrations are most efficient whier= 10 AU. cause the typical lifetime of LP comets after their first apparition

The code tracks close encounters and collisions betwasmonly 1.4 Myr (see Table 3), which is much shorter.

comets and planets. A close encounter with a planet is defineq, 1 3 Encounters with stars and molecular cloud€ur

to be a passage through a planet's sphere of influence model neglects the effects of passing stars on LP comets, fc
25 three main reasons: (i) The delivery rate of Oort-cloud comets

R = <ﬂ> ap, (17) to the planetary system due to Galactic tides is higher than th

Mo rate due to stellar encounters by a factor of 1.5-2 (Heisler an

] o . . ~ Tremaine 1986; Torbett 1986), except during rare comet shower
wherea,, is the planet’'s semimajor axis. Each inward crossingysed by an unusually close passage, during which the deli
of the sphere _of influgnce is counted as one encounter, eve@r'g rate may be enhanced by a factor of 20 or so (Hills 1981
there are multiple pericenter passages while the comet remaings|er 1990). We feel justified in neglecting the possibility of a
within the sphere of influence. A close encounter with the Symet shower for the reasons given in footnote 3 above. (ii) The
is defined to be a passage within 10 solar radii. effects of stellar encounters are highly time-variable wherea:

4.1.2. The Galactic tide. The effects of the Galactic tide the strength of the tide is approximately constant over the typi-
on comet orbits are discussed by Antonov and Todriya (19843l lifetime of LP comets; thus by concentrating on the effects
Heisler and Tremaine (1986), Morris and Muller (1986), Torbettf the tide we focus on a deterministic problem, whose results
(1986), and Matese and Whitman (1989). Consider a rotatiage easier to interpret. (iii) The evolution of LP comets after
set of orthonormal vectori, ey, €;}. Let ex point away from their entrance into the planetary system is dominated by inter
the Galactic centegy in the direction of Galactic rotation, andactions with the planets, the tide and passing stars playing little
e towards the South Galactic Pole (South is chosen so that tke—and matching the evolved, rather than the injected, come
coordinate systemis right-handed). The force per unit mass fralistribution is the main challenge of the fading problem.

the tide is (Heisler and Tremaine 1986) We also neglect encounters with molecular clouds, since th
effects of these rare encounters are difficult to estimate reliabl

Fige = (A — B)(3A+ B)Xex — (A — B)Zyey because the properties of molecular clouds are poorly know

_ [4n Gpo — 2(B% — AZ)]ZeZ, (18) (Bailey 1983; Drapatz and Zinnecker 1984; Hut and Tremaine

1985; Torbett 1986).

wherepg is the mass density inthe solar neighborhood,Andd 4.1.4. Regularization. Integrating the orbits of LP comets
B are the Oort constants. We take=144+1.2kmstkpc! is a challenging numerical problem, because of the wide rang
andB = —120+ 2.8kms *kpc ! (Kerrand Lynden-Bell 1986).0f time scales (the orbital period can be several Myr but
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perihelion passage occurs over a time scale of a few yeardtstancer. The form ofg(r) is based on an empirical fit to a

a few months) and because it is important to avoid any secutheoretical water sublimation curve by Delsemma and Miller

drift in energy or angular momentum due to numerical error€l971),

We have used the Kustaanheimo-Stiefel (K-S) transformation

to convert Cartesian coordinates to regularized coordinates and -m F\" —k

have carried out all of our integrations in the regularized coor- g(r)= C<—> {1 + (—) } , (22)

dinates. A requirement of K-S regularization is that the frame

origin must coincide with the primary force center, which is why

we use heliocentric coordinates at small radii. wherem=2.15,k =4.6142,n=5.093,ro = 2.808 AU, andC
The numerical integrations were carried out using tH& chosen to be 0.1113 so thgil AU) = 1. Note thatg(r) is

Bulirsch—Stoer method, which was checked using a fourth-ordeughly proportional ta =™ ~r =2 for r «ro. At r>>ro, g(r)

Runge—Kutta—Fehlberg algorithm. All integrations were done ffecreases much faster than the simple inverse square that

o

double-precision arithmetic. scribes the incident solar flux.
The constantg\, are determined by fitting individual comet
4.2. Nongravitational Forces orbits (Mersderet al. 1973); the value of\; is typically 107

19 10°% AU day 2, | A| is typically only 10% of|A|, and Ag
IS consistent with zerad,; is generally well determined for all
comets, butd; is often indeterminate for LP comets.

The asymmetric sublimation of cometary volatiles results
a net acceleration of the nucleus. These nongravitafi¢Ns)
forces are limited to times of significant outgassing.(coma
production), and remain small even then.

Nongravitational forces are difficult to model. Their strengtﬁ's'
obviously depends on the comet’s distance from the Sun, but4.3.1. Initial phase-space distribution.The distribution of
displays less regular variability as well: gas production may vagymets in the Oort cloud is only poorly known, although it is
by a factor of 2 or more between the pre- and postperiheligiausible to assume that the cloud is roughly spherical and th:
legs of the orbit (Sekanina 1964; Festou 1986), and jets aih@é comets are uniformly distributed on the energy hypersurfac
streamers are observed to evolve on time scales of less thdn phase space, except possibly at very small angular momer
day (Festotet al. 1993b), suggesting that NG forces change ofef. Section 3.1). Then the phase-space denkity a function
similar time scales. Further complications arise from the rotati@mly of L = (G Mya)Y/2, which we assume to be
of the nucleus, which is difficult to measure through the coma,

Initial Conditions

and which may be complicated by precession (Wilhelm 1987). 0 L < L_=(GMya )¥2
The NG acceleratioRje is written as ’ ot 3 - © ’
f(L)= 4 foL®*3 L_<L<L,, (23)
Fiet= F1€1 + F2€s + F3es, (20) 0, L> L,y =(GMya,)Y?,

wheree; points radially outward from the Sue lies in the where fy anda are constants, aral. anda, are the semimajor
orbital plane, pointing in the direction of orbital motion and noraxes of the inner and outer edges of the Oort cloud, respectivel
mal toe;, andes = €; x €. A naive model of NG accelerations,\We show below (footnote 5) that the total number of Oort-clouc
which is all the data allow, assumes that the short time-scalémets with semimajor axes in the range specifiedlhy[ +
components are uncorrelated and cancel out, leaving only faigy] is (27)% f (L)L2dL; this in turn implies that the number
regular, longer time-scale components as dynamically imp@ensity of comets isxr® fora_ «r < a,.
tant. We shall use the Style || model of Marsdetral. (1973), Simulations of the formation of the Oort cloud by Duncan
which assumes that accelerations are symmetric about periggal. (1987) suggest that the number density of Oort-clouc
lion, and can be represented by comets isor ~35+05) petween 3000 and 50,000 AU. Thus we
seta = —3.5,a_ =10,000 AU, andh, =50,000 AU. The inner
Fi(r)=A0(r), Fa(r)=A0(r), Fs(r)=As0(r). (21) edge of the cloud was placed at 10,000 AU instead of 3000 Al
because comets with< 10,000 AU cannot become visible ex-
Here{Aq, Az, Ag} are independent constants, &fd) is a non- cept in occasional comet showers, yet would consume most
negative function describing the dependence on the comet—3wé computer time in our simulation.
If the comets are uniformly distributed on the energy hyper-
surface, the fraction of cloud comets with perihelion less thal
4 Traditionally, the term “nongravitational forces” has been reserved for trqa<< ais JZ(q)/LZ =2q/a=0.003(@/40 AU)(25 000 AUa)
reaction forces resulting from the uneven sublimation of cometary VOIat”%/hich is consistent WitPfN(q) dq as given by Eq. (4)). Since
g

and it will be used here in that manner. Other factors of a nongravitatio h .
nature, including radiation and solar wind pressure, drag from the interplai € effects of the planets decline rapidly to zero wien40 AU,

tary/interstellar medium, and the heliopause, are negligible in comparison to @aly @ small fraCtion of cloud comgts are _inﬂuenced by .plane‘
outgassing forces (Wiegert 1996). tary perturbations. Therefore to avoid wasting computer time w
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analyze the motion of comets with larger perihelion distancesUnder the influence of the tide, the perihelia of some comet:s
analytically, as we now describe. evolve into the near-planetary region. At this point, the “tide-
4.3.2. Orbit-averaged evolution.For comets in the Oort only” approximation that we have used so far breaks down, an
cloud, the tidal potential (19) is much smaller than the Kepld full numerical integration of the cometary path must be be-
Hamiltonian Hxep = —1GM,/a. Thus the evolution of the co- gun. This transition must be madheforethe planets begin to
met under the Hamilt%)niahiK + Vige can be approximately significantly influence the comets’ orbits. With this in mind, we
ep ide - « ” P
described by averagingiqe over one period of a Kepler orbit define the “entrance surface” to be the boundary of the regiot

. . . ) . . i — 1/2 i
to obtain the orbit-averaged Hamiltonian (Heisler and Tremau%phas? space with < Je(a) = [Z_G Mo e (@)]™*. We shall in
1986) tegrate individual cometary orbits only after they cross the en-

trance surface. We choosg = max(i, d2) whereq; andqp

reflect two criteria that must be satisfied by the entrance surface
(1) Planetary perturbations must be negligible outside the en

trance surface; we takey =60 AU since outside this perihe-
herel andw are the inclination and argument of perihelion meaion distance the RMS fractional energy change per orbit cause

sured in the Galactic frame. It is useful to introduce canonicY the planets is$0.1% for a typical Oort-cloud comet. (2)
momenta The orbit-averaged approximation for the effects of the Galactic
tide must be reasonably accurate outside the entrance surfac

L = (GMpa)"?, J=[GMpa(l—e)]"?, J=JcosT  thuswe demand thak must exceed > 1 times the maximum
(25) change in angular momentum per orbit, which in turn requires

GMo + 1Gpoa?sirfT(1 — € + 5e?sirt @);  (24)

==

and their conjugate coordinates 1072 5074 2
Je(L) = n3 L7 or =204, (31)
I, & O (26) G Mg M3
Here J is the usual angular momentum per unit makss its Where we have assumed- 1. In this paper we takg = 3.
component normal to the Galactic plahés the mean anomaly, The semimajor axigy » whered; =g is
and Q is the longitude of the ascending node on the Galactic

plane® In terms of the canonical coordinates and momenta the Mé o 7
orbit-averaged Hamiltonian is 2=\ goraz,2) (32)
0
(GMp)?  mpo L2 —2/7 Y7
H., = — —_ n Q1
av T e = 2.41 x 10°AU <§> (W)
x (J2 = IZ)[I2+5(L% - I)siPa).  (27) o0 —2/7
_— . 33
. . . % <o.15 M, pc—3> (33)
The canonical variabldsand(2 are absent from Eq. (27), so the
conjugate momentia andJs; are conserved. The conservation
L implies that semimajor axis is conserved as well. The solution
of the equations of motion of (27) is discussed by Heisler and 60 AU wherea < a;
Tremaine (1986) and Matese and Whitman (1989) but is not O = { a7 - (34)
needed for our purposes. 60 AU (E) wherea > 2 »

The rate of change of angular momentum is given by
4.3.3. The flux of comets into the entrance surfad&e have

j=_ 9 Hay (28) assumed in Section 4.3.1 that the phase-space density is a fur
9w tion only of energy or semimajor axi$,= f(L). This assump-
S5mpg L2 tionis notin general correct for small angular momentum, where

= (3= 3)(L2 = I¥sin25,  (29)

_G—M% 32 the comets are removed by planetary encounters. However, &
570 we require is the flux into the entrance surface, most of which

= ———&L*siTsin 23, (30) arises from comets whose angular momentum is steadily de
GM3 creasing under the influence of the Galactic tide. Such comet

are unaffected by the planets until after they cross the entranc

5 At this point we may prove a result mentioned in Section 4.3.1: if thgurface’ and hence the assumption that f(L) should be ap-

phase-space density i§= f(L) then the total number of comets in theprOXimately COffeC}- . _—
range L, L +dL]is dN=f(L)dL ;- dJ [, d% [Z d& [Z da [7" dI = Letd(L, Jg, kb, 2, ®,1)dL d % dQ2 d@ dl be the flux of Oort-
(2m)3 f(L)L2dL. cloud comets crossing into the entrance surfageat a given
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point. Then from Eq. (29) this end-state is very small (at most a few percent; see Tables
) ) and 3), so former SP comets are not a significant contaminan
Jf(L), whereJ <0 Visible. The comet passes within 3 AU of the Sun for the first

(L, e, %, Q a,1)= . . : )
(b Je. . 2.6.1) 0 otherwise time, an event we shall call the first apparition. Such comet

continue to evolve, but the first apparition provides a usefu

— gnl\ﬁg 5_: f(L)(32—32) (L%~ J2)sin 25 where sin2> 0, intermediate stopping point for the simulations.
© YE

0 otherwise
(35) 5. RESULTS

In our simulations, the initial orbital elements of the comets we follow the trajectories of our sample comets from the time
are drawn from the distribution describeddyusing the energy they cross the entrance surface until they reach one of the en
distribution (Eg. (23)). states in Section 4.4. We divide the evolution into two stages
4.4. End-States the_ previsibi_lity stage, v_vhich lasts unti_l the comet first become:

visible, that is, until its first passage within 3 AU of the Sun (the

End-states may represent the loss or destruction of a comefigt apparition; cf. Section 2.2); and the postvisibility stage,
simply an intermediate stopping point, from which the simulawhich lasts from the first apparition until the comet reaches on
tion can subsequently be restarted. The possible end-states@irthe other end-states.

We call the set of LP comets at their first apparition the

Collision. The distance between the comet and the Sun 9f comets. Similarly, those making theinth apparition are
one of the giant planets is less than that object’s physical radidgjled theV,, comets. The union of the sets of orbital elements
To ensure that we detect collisions, when a comet is close QR \,, ... is called theV,, comets.

Solar System body we interpolate between time steps using &ye intend to compare the distribution of elements ofthe
Keplerian orbit around that body. comets to the observed distributions of elements of new come

Ejection. The comet is eitheri] leaving the Solar System gnd theV., comets to the visible LP comets. Note that the
on an orbit which is unboundle., parabolic or hyperbolic with comets represent all apparitions of a set of Oort-cloud come
respect to the Solar System’s barycenter,idy fas ventured that first crossed the entrance cylinder in a given time interva
beyond the last closed Hill surface around the Sun, and is thyile the observations yield all the comets passing perihelion i
considered stripped from the Solar System by the action of pagsgiven time interval—one is a fixed interval of origin and the
ing stars, molecular cloudstc In either case, the simulation isgther is a fixed interval of observation. However, in a steady stat
not terminated until the comet is at leasP U from the Sun, these two distributions are the same except for normalization.
to allow for the possibility that subsequent perturbations will For some purposes it is useful to estimate this normalizatior
result in the comet losing energy and returning to a “boungl’s | to estimate the time interval to which our simulation corre-

state. _ sponds. To do this, we first estimate the number of perihelio
Exceeded age of Solar Systeiﬁhe elapsed time has eX'passageS per year of new comets \ﬂ“}h Q= 3 AU' which we
ceeded the age of the Solar Systenx, 50° yr. call ®nen. Kresik and Pittich (1978) find the rate of long-period

Exceeded orbit limit.The comet has completed more thagomets passing within Jupiter's orbit.25AU) to be 25 yr.
5000 orbits without reaching one of the other end-states. Th@erhart (1967b), taking more careful account of selection ef
integration is terminated and the orbital elements are saved fg§ts, found~60 yr-1 with g < 4 AU, of which roughly 35 yr?
later examination. This is a safeguard to prevent extremely loRgoyld pass within 3 AU. Assuming one in three of these is dy-
lived comets from consuming excessive computer time. namically new (Festoet al 1993b), we findPnew~ 12 yrL.

Faded. The cometis considered to have faded through lossphe number o¥/; comets produced in our simulation (see below)

volatiles, splitting, or other mechanisms, and is no longer brigiat1368; hence our simulation corresponds to a time interval
enough to be observed, evenifits orbit should carry it close to the

Sun or Earth. We shall investigate various empirical models for 12 vt
fading. The fading end-state is not activated in any simulations ts ~ 115 yr( yr > (36)
unless explicitly mentioned in the accompanying text. new
Perihelion too large.The comet’s periheliom has evolved
beyond some limit, usually taken to be 40 AU, apts moving The total number of comets crossing the entrance surface in o
outward under the influence of the tide. Such a comet is unlikedimulation is 125,495. Using our assumed form for the semi
to become visible in the near future. major axis distribution of comets in the Oort cloud (Eqg. (23),
Short-period. The comet’s orbital period has decreased bevith « = —3.5) and our formula for the flux through the en-
low 200 yr: it has become a short-period (SP) comet. Continugdnce cylinder (Eqg. (35)), we may deduce that the normalizatio
planetary perturbations may cause SP comets to evolve back astant in Eq. (23) iSo=9 x 10"(Ppew/12 yr-1) in units of
LP comets, but we shall see that the fraction of comets that redct?*=® = L, recalling that the units are years, AU, aNt}, so
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thatG =472, The total population of the Oort cloud is TABLE 2
Planetary Encounter Data during the Previsibility Stage for the
Noort= 2 X 1012(d>new/12 yrfl) (37) 20,286 Oort-Cloud Comets with Minimum Perihelion <40 AU
] Planet
from 10,000 AU to 50,000 AU, or twice as many as from - S 0 . Total
20,000 AU to 50,000 AU. Extrapolating in to 3000 AU yields a uptter  Satum - Uranus  Neptune  Tota
population a factor of 2.5 higher. For co.rnparisfon,_HeisIer (199Q)umber of comets 60 145 71 67 343
found that 0.2 new comets per year with perihelioh AU are  Number of encounters 210 317 109 93 729
expected per 18 Oort-cloud objects outside 3000 AU. This de-Encounters/comet 35 2.19 1.53 1.39 2.13
termination corresponds to an Oort-cloud population of roughlg’”'ts'onS 00 00 00 00 00
P . . aptures
4 x 1g2 objects, which compares favorably to our value o in. distance R) 0023 0043 0074 0049 0023
5 x 10 Of course, these estimates depgnd strongly on uUncefs, gistance Rp) 16.0 38.7 150 167 16.0
tain assumptions about the extent of the inner Oort cloud. R (Ry) 674 907 2030 3510 —
Outer satellite Rp) 326 216 23 222 —
5.1. Previsibility Evolution Note. Encounters for the 57 comets in tReceeded time limiénd-state are

included only up to their 5000th orbit. “Captures” are considered to occur when
The dynamically new ol; comets can be used as a starthe comet has a planetocentric eccentricity less than unity at planetocentri

ing point for any investigation of phenomena that only affedgricenter. The radius of the planet’s sphere of influeRcé€Eq. (17)) and the
the comet after ts first apparition (nongravitational forces faae_zmimajor axis of its outermost satellite are also given, in units of the planetary
. . radiusRp.
ing, etc.). The elements of thé comets are measured in the
barycentric frame 200 AU from the Sun.

The simulations reported here followed the evolution 6fpege computations consumed eight weeks of CPU time on
125,495_ Oort-cloud comets that crossed the entrance sgrfag_% MHz Alpha workstation.
The orbital elements at the entrance surface were determined 8Suring the pre-visibility stage there were 729 close encoun-

described in Section.4'.3. Of the.cor.nets prossing the entrg@gps (Eq. (17)) with the giant planets by 343 individual comets,
surface, 84% had minimum perihelion distances (determingiiriputed as shown in Table 2.

from contours of the averaged Hamiltonian in Eq. (27)) greater o scatter plot of perihelion distance versus original semi-
than 40 AU, too far outside the planetary system to suffer SiHTajor axis for theV;, comets is shown in Fig. 10a. There is

nificant (1%) perturbations in semimajor axis from the plany sharp lower bound to the distribution of semimajor axes for
ets. These comets were transferred toReehelion too large  comets with perihelion distance, which is due to the Jupiter
end-state. The orbits of the remaining 20,286 comets were fglyrier (Section 3.2). This lower bound shifts to smaller semi-
lowed in the field of the Galactic tide and the Sun and planefggjor axes at larger perihelion distances, since the angular me
Table 1 shows the distribution of these comets among the Vafjantum “hop” over the Jupiter barrier is smaller. As a result
ous end-states; 1368 or 6.7% becameomets. Only 57 COMets he nuymber o, comets as a function of perihelion distance

triggered theExceeded orbit limiflag (see Section 4.4), set at(Fig. 10b) is approximately flat, as predicted by Eq. (4), but

5000 revolutions; these are discussed further in Section 5-]sfbwly increasing with perihelion distance—a result already ob-
tained by Weissman (1985). A least-squares fit to the distri-

TABLE 1 bution givesN(gq) =(57+£2.6)+ (7.6 £ 1.5)q x 1+ 0.13g. In
The Distribution of End-States of the 20,286 Oort-Cloud Comets  comparison, the distribution of perihelion distances for the ob-
with Minimum Perihelia <40 AU served new comets (Fig. 8a) is notflat, butthis is probably aresu
of the strong selection effects acting against comets with larg
End state perihelia.

Ejection Exc.limit Largeg Shortpd. Visible Total The distribution of original semimajor axes of thle comets
is shown in Fig. 11a. The cutoff at/a=2x 10> AU~ or
Number 3,807 57 15,023 32 1368 20,2863 = 50,000 AU is an artifact of our choice of a sharp outer bound-

Fraction 01877 00028  0.7406  0.0015  0.0674  1.0008y for the Oort cloud at this point (Section 4.3.1). All but 2%
Minimum t, 6.80 17.2 7.46 11.7 714  6.80 . ) 7 .
Mediant, 28.7 152 35.2 293 268 333 pf the simulated dynamically new comets have original energie:
Maximumty 342 480 1182 72.4 147 1182 in the range < x < 10~* AU~L. The mean energy of the;
Minimum my 1 5000 1 6 1 1 cometsigl/a) =3.3+1x 10-° AU, in good agreement with
Medianmy 8 5000 5 387 5 6  Heisler's (1990) estimate of35 x 10~> AU ! outside of show-

Maximumm, 4799 5000 4872 3432 2937 5000 g5 Heisler's Monte Carlo simulations included both the Galac-

Note. The minimum, median, and maximum lifetimes andty are shown tI_C tide and passing stars; the agreement SqueStS th?'t 0,ur O,m
in orbital periods and Myr, respectively. No comets suffered collisions with tH&iON Of St?”ar perturbers does not Strqngly bias the d|smpUt|0r
planets or the Sun or survived for the lifetime of the Solar System. of dynamically new comets. Our resultis also consistent with the
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FIG. 10. TheV; or dynamically new comets: (a) perihelion distageeersus original semimajor axé (b) number as a function of perihelion distance. The
dashed line indicates the linear least-squares fit to the perihelion distribhitiqhec 1 + 0.13q (see text).

semimajor axis distribution of new comets: taking the 61 new The curve in Fig. 11b shows an analytical approximation tc
comets with Class | orbits in Marsdehal.(1978) and perform- the expected flux of new comets when the loss cylinder is ful
ing a linear least-squares fit to the functiom®1/a; + b/q (Wiegert 1996). The agreement between the analytical curve ar
(the parameteb accounts for non-gravitational forces, follow-the distribution ofV; comets fora = 30,000 AU confirms that

ing Marsdenet al), we find J/ag=(2.34 0.7) x 10> AU~L. the inner edge of the distribution of dynamically new comets i
Marsdenret al.find 1/ap = (4.6 +0.1) x 10> AU~ but we are caused by the emptying of the loss cylinder as the semimaijc

unable to reproduce this result. axis decreases. The source of the smaller peak at 47,000 A
150 | . [
200
100 ] 150 i
=z, z I
100
50 - .
50
0 47! 4 2oy o X g 0
0 2x10-5  4x10-5  6x10-5  8x10-  0.0001
1/a (1/AU)
(a) ()

FIG. 11. Distribution of original energies = 1/a and semimajor axes for the V; comets. An additional 28 comets, 2% of the total, have10~* AU~2,
The curve in (b) is an analytical approximation to the expected distribution when the loss cylinder is full, derived in Wiegert (1996).
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FIG.12. Distribution of orbital elements for thé; comets: (a) perihelion distance; (b) inclination; (c) longitude of ascending node; (d) argument of perihelic
All angular elements are measured in the Galactic frame when the comet passes 200 AU on its inbound leg.

is unclear: if the sample is split into two parts, it appears ontp the observed distributions in Fig. 8. The observed perihe:
in one, and thus may be a statistical fluke even though the dien distribution is strongly affected by selection effects, so no
viation from the analytical curve is several times the error barsomparison is practical there. The angular element distribution:
In any event it is unlikely to play a significant role in deterare reasonably consistent between the two figures. In partict
mining the overall distribution of LP comets for two reasondar the « distributions both show peaks in the regions where
first, only a few percent of th¥; comets are involved in the sin 25 > 0, reflecting the role of the Galactic tide in creating
peak; and second the subsequent planet-dominated evolutionef comets.
the Vi comets is relatively insensitive to the comets’ original The aphelion directions of thé comets are shown in Fig. 13,
semimajor axes. which can be compared to the observed distribution in Fig. 9
The distributions of perihelion and angular orbital elemenfhe most striking feature in Fig. 13 is the concentration towards
for the V; comets are shown in Fig. 12, which can be comparenid-Galactic latitudes, again pointing to the importance of the
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FIG. 13. Equal-area plot of the aphelion directions of ecomets in the Galactic frame. More precisely, we have plotted the antipode of the periheli
direction, since this is what is observable.

Galactic tide as a LP comet injector. The real distribution @ small fraction survive for much longer times: 57 of the 20,28¢
aphelion directions is expected to contain an additional fairlgitial comets in our simulation triggered thexceeded orbit
uniform component as well, due to the injection of comets Himit flag after 5000 orbits. The population of these comets de
passing stars (Weissman 1996a); however, the number of dgys only very slowly and their fate cannot be determined with
namically new comets in Fig. 9 is too small for any reliableut prohibitive expenditures of CPU time. The perihelion dis-
comparisons to be made. tances and semimajor axes of these comets on their 5000th or
are indicated in Fig. 14. Also shown is the distance at which the
5.1.1. The longest-lived cometsAlthough most comets cross the ecliptic. Most have nodes and perihelia outside Saturr
reach one of the end-states within a few orbits (see Table drhit, where the energy perturbations are relatively small.
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FIG. 14. For the 57 comets that survived 5000 orbits, we plot (a) their perihelion distenersus semimajor axis and (b) the distances of their nodes. In
(a), triangles are prograde comets, squares, retrograde.



104 WIEGERT AND TREMAINE

5.2. Postvisibility Evolution: The Standard Model 5000

We now follow the orbits of th&/; comets forward in time
until they reach one of the end-states (obviouslyMiséleend-

7 . . , _ 4000 % ]

state is disabled in these simulations). Each time one of these % 1

comets makes an apparition its orbital elements are added to the gé ]

i ;

set of V,, comets. TheV,, comets are to be compared to the 3000 y 3 7]
observed distribution of LP comets. 7 ///x

NN
\\§§\:\

The errors in the distribution of elements of thlg, comets z
are not Poisson, as a single comet may contribute hundreds or
thousands of apparitions. The errors that we quote and show
in the figures are determined instead by bootstrap estimation
(Efron 1982; Presst al. 1992).

The “standard model” simulation of post-visibility evolution
has no fading, and no perturbers except the giant planets and the
Galactic tide. o i

The distribution of end-states for the standard model is shown 0 1
in Table 3. TheExceeded orbit limiend-state (Section 4.4) is a (aU)
invoked _after 10,000 orhbits for th.ese, Slm,matlons’ b_Ut no CornEtsFlG. 15. Distribution of perihelion distances for the V., comets in the
reach this end-state. The mean lifetime is 45.3 orbits, compagghdard model. Error bars are determined from bootstrap estimators and re
to 60 predicted by the gambler’s ruin model (Eq. (8)); this i®sent one standard deviation. The curves are Everhart's (1967a, dotted line
rather good agreement considering the approximations involv&@dsak and Pittich’s (1982, solid line) and Shoemaker and Wolfe's (1982, dashec
in deriving the latter model. Ejection by the giant planets is H{'Ye) estimates of the intrinsic perihelionglistr_ibution.Th.e correct normalizations
far the most common end-state (89%/fcomets). Most of the re unclear, and have been chosen arbitrarily for plotting purposes.
remaining comets (about 8% of the total) move back out to large
perihelion distances. Their median energy when they reach this
end-state is given by/a =4 x 1075 AU~1 (a= 25,000 AU); in The standard model agrees much better with the prediction
other words these comets have suffered relatively small eneffyfhe simple gambler’s ruin modekg = 0.05, X3 =0.58, see
perturbations and remain in the outer Oort cloud. Egs. (11) and (12)) than it does with the observatiotis= 1).

The distribution of orbital elements of tha, comets may be The gamblers’ruin problem thus provides areasonable analogt
parametrized by the dimensionless ratigsdefined in Eq. (3): to the standard model.
the ratio of theoretical paramete## for the standard model to ~ The perihelion distribution of th¥/,, comets in the standard

N\
N

NI

g T T T

2000

N

—_s s

1000

the observed parameters (Eq. (3)) is modelis shown in Fig. 15. Although the figure represents 52,30:
. . apparitions, the error bars—as determined by bootstrap—remal

X1 = vy —0.0754+0.011 X,= v —44+12, large, reflecting strong contributions from a few long-lived co-

1 2 (38) mets: over 45% of the apparitions are due to the 12 comets the

vl survive for 1000 or more orbits after their first apparition. This

X3=—=061+£0.13
v

3 figure can be compared to the observed perihelion distributior

(Fig. 2), which however reflects the strong selection effects fa.

TABLE 3 voring objects near the Sun or the Earth. We note that not al
The Distribution of End-States of the \; Comets perih_el_ion passages made by comets aft_e_r their first apparitio
in the Standard Model are visible: in addition to the 52,303 apparitions made bythe
comets, there were 9561 perihelion passagesquiti8 AU.
End state Let the total number of comets with perihelia in the range
Ejection Largeq Short pd. Total [0, q + dq] be N(q) dg. The perihelion distribution is not flat,
as would be expected if the distribution were uniform on the en-
Number 1223 109 36 1368 ergy hypersurface (Eg. (4)). The simulations are noisy enoug|
Fraction 0.894 0.080 0.026 .000 ; ; ; ;

- to be consistent with any number of slowly varying functions of
Minimum ty 0.296 2.61 0.014 0.014 _ .~ oo : 12
Mediant, 133 462 067 140 Perihelion over G< q < 3 AU, possibly includingN(q) ocg™/<,
Maximumty 31.7 71.0 7.94 71.0 as proposed by Kre& and Pittich (1978). The estimates of
Minimum my 1 1 13 1 the intrinsic perihelion distribution of LP comets published by
Medianmy 1 2 330 1 Everhart, by Kreak and Pittich, and by Shoemaker and Wolfe
Maximummy 5832 2158 4277 5832

are indicated on Fig. 15.

Note. The minimum, median, and maximum lifetimgsof these comets are The o”gm.al energy. dIS.tI‘Ibutlon of théo_o comets in th.Et stgn-
measured in Myr from their first apparition. No comets suffer collisions witlard model is shown in Fig. 16, at two different magnifications,
the planets or Sun or survive for the age of the Solar System. for all 52,303 apparitions. These figures should be compare




LONG-PERIOD COMET EVOLUTION 105

5000 |- - L :

s ¢ 1 1000 é .
4000 + — g

[ ] y |

H 1 /

L 1 _ |
3000 |~ e _ i
Z : Z Z

‘

N . /

2000 ] 500 é _

- 1 /

7
- ] 7
7
1000 |- ~ , |
-0.01 0 0.01 0.02 0.03 0 0.0002 0.0004 0.0006 0.0008
1/a (1/AU) 1/a (1/AU)
(a) (b)

FIG. 16. Distribution of original energies for th&,, comets in the standard model for all 52,303 apparitions 8 AU).

with the observations shown in Fig. 1. As already indicated lmpunters, and replace deterministic evolution with a stochast
the statisticX; (Eq. (38)), the standard model has far too mangrocess. In Sections 5.3-5.5 we shall explore whether varian
LP comets relative to the number of comets in the Oort spikef the standard model can provide a better match to the obse
the simulation produces 35 visible LP comets for each cometiations.

the spike, whereas in the observed sample the ratio is 3:1. This

disagreement is at the heart of the fading problem: how can the;5 2.1. Short-period comets from the Oort clouduring our

0, 1 2
loss of over 90% of the older LP comets be explained? i(tnulations only 68 Oort-cloud comets eventually became S

. . . o8
thggisr?35|$gIgtlc:jniglrlrﬁ\évaﬁs glj deesrtgg%t;;h?rﬁgpetzr?emggg & mets, 36 of them after having made one or more apparitior
P y dy y y as LP comets. The distributions of inverse semimajor axis, pe

; 4 -1

comets, of \.N.h'Ch 1340 havc'a/a<' 107" AU, but.a total of ihelion distance, and inclination for these comets are shown i

1475 apparitions are made in this energy range in the stande{ 19. In no case is an Oort-cloud comet converted to an S
0 . X . 19.

model. Thus roughly 7% of comets in the Oort spike are n%{)met in a single perihelion passage: the largest orbit at the pr

dynamically new, remarkably close to Weissman’s (1978) eSVious aphelion has a semimajor axis of only 1850 AU. There i

0 . ) .
mate of 8%. Our estimate neglects fading, which would furth%lrdistinct concentration of orbits near zero ecliptic inclination,

decrease the contamination of the Oort spike by older cometg.s expected from studies of captures by Jupiter (Everhart 1972

. Figure 17 shows the mclmatlpn d|str|_but|on of thlg, comets but the concentration is much less than that of SP comets in o
in the standard model. There is a noticeable excess of co %

in ecliptic retrograde orbits: the fraction on prograde orbits far System. The prograde fraction i5/88- 0.65.

. o . . : Our simulation corresponds to approximately 115 years o
is 15,87552,303~ 0.3. This is inconsistent with observauongr_eal time (Eq. (36)). Thus we deduce thay 685~ 0.6 SP co-

¥Vh'f hf:: (t)gv a romagr][!y ISOtI’fOt[;)]IC dlstrlé)lutlyon (Flg. 33)’Ibtét corlel ets per year arrive (indirectly) from the Oort cloud (in the ab-
entwi € predictions of the gambler's ruin model (Eq. (12) sence of fading). For comparison, on average five new SP come

Figure 18 shows the distribution of th_e Io_ngitu_de of the.a%fre discovered each year (Festtal. 1993a); we conclude that
cending node and the argument of perihelion, in the ec“Wﬁe Oort cloud contributes of order 10% of the population of

frame. The large error bars suggest that the structure in thgﬁ@ comets, and another source, such as the Kuiper belt, is

O oo o s st h s O 2bouL 0% f o koun P come apparions
dard pErer gynamical model provides a p)(;or fitto the observ'ta_| Iley-family, and thus the Oort cloud may (_;ontrib_ute asignif
distri’bution of LP comets. The standard model agrees much b'c(gm fraction of these objects, though the picture is clouded b

. : . . e multiple apparitions by individual comets in this sample.
ter with models based on a one-dimensional random walk, sug-

gesting that the basic assumptions of the analytic random-walk

models in Section 3.3 accurately describe the dynamical evolub.2.2. Planetary encounter ratesClose encounters of the
tion of the LP comets—even though they neglect the evolutidf, comets with the giant planets are described in Table 4. Not
of all orbital elements except semi-major axis, ignore close etftat multiple encounters between a giant planet and a sing
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FIG. 18. Distribution of the longitude of the ascending node and the argument of perihelion fotthmmets in the standard model. The elements are

measured at perihelion in the ecliptic frame. The heavy line indicates a uniform distribution.
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FIG. 19. The distribution of the inverse semimajor axj&@lperihelion distancg, and cosine of the ecliptic inclinatiarfor the SP comets originating in the
Oort cloud. The distribution of a on the left (a, c) is measured at the aphelion previous to, and the others (b, d) at, the initial perihelion passage as an SP

to be Levy 9, which collided with Jupiter in July of 1994, was nota LP
comet but rather a Jupiter-family comet (Benner and McKinnor
—4/5 2
o= go(M) (Be) (14 2N B) oy 199
M a 3Mg Ry /)’ N .
© P ©rP 5.3. Postvisibility Evolution: The Effect

wherea, andR, are the planet’s semimajor axis and radids, of Nongravitational Forces

is the planetary mass, and the second term is a crude correctioAsymmetric sublimation of volatiles leads to significant non-
for gravitational focusing, assuming the comets are on neadyavitational (NG) forces on comets. As described in Section 4.z
parabolic orbits. The resulting collision rates ar@ % 107°, we specify NG forces using two parametéisand A,. The pa-

2.0x10°°,1x 1078 and 5x 10~ per year for Jupiter through rameterA; is proportional to the strength of the radial NG force
Neptune respectively. It should be noted that Comet Shoemalaané is always positive, as outgassing accelerates the comet aw
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TABLE 4 into line with observations, and these produce an extremely un
Planetary and Solar Encounter Data for the V., Comets realistic depletion of comets at small perihelia.
in the Standard Model (Postvisibility Stage) The effects of NG forces, as modeled here, can be summarize
as follows:
Planet

Totar ® The semimajor axis perturbation due to radial NG forces

Sun Jupiter Saturn Uranus Neptune ] . .
averages to zero over a full orbit (assuming that the radial force

Number of comets 7 28 12 2 3 52 is symmetric about perihelion, as in the model discussed in Sec
Number of encounters 16 43 16 4 3 82 tion 4.2). Thus radial forces have little or no long-term effect on
Encpgnters/comet 2.3 15 1.3 2.0 1.0 1'6the orbital distribution.

Collisions 0 0 0 0 0 0 . . .

Captures _ 0 0 0 0 0 ° P_osmve values Qf the tangen.tlal ac_:celeramf] reduce
Min. distance R;) — 0018 0.08 017 0.16  o.018the tail of the population, resulting in an increasexintoward

Min. distance Rp) 161 125 779 335 553 12.5 unity and improving the match with observations, but erode the
Outer satellite Rp) — 326 216 23 222 — population at small perihelia, a depletion which is not seen in

. ] o the observed sample.
Note. The distance to each planet’s outermost satellite is given in the last row. . e .
¢ Negative values of, preserve a reasonable perihelion dis-

tribution, but increase the number of comets in the tail of the en:
from the Sun. The parametéy, is proportional to the strength ergy distribution, thus redupingl so that the d.isa_gre(_ament be-
of the tangential force, is generally less thag and may have tween the observed and simulated energy distribution become
either sign depending on the comet’s rotation. Comet nuclei arecn worse.
likely to have randomly oriented axes of rotation, with a cor- We have also conducted simulations with a more realistic
responding random value @%,. Rather than make a completemodel for observational selection effects (Eq. (1)) but this does

exploration of the available parameter spacefeand A;, we not alter our conclusions.

shall investigate a few representative cases. o Although we have not exhaustively explored the effects of
We assume thath,| = 0.1A, and consider two distributions NG forces on the LP comet distribution (in particular, we have
for the sign ofA,: not explored alternatives to the NG forces in Egs. (21) and (22

. . (e.g, Yeomans 1986b)), we are confident that conventional mod
1. Half the comets have positive valuesAf, half negative, .
. . e els of NG forces cannot by themselves resolve the discrepanc
and the sign of\; is constant throughout a comet’s lifetime—a . L
) ) . ; ?)]etween the observed and predicted LP comet distribution.
if the axis of rotation of the nucleus remained steady throug
out the comet’s dynamical lifetime. This choice seems unlikely,
and indeed Weissman (1978; 1979) showed that it produced too
many small perihelion SP comets, but it is examined here for TABLE 5
Parameters of the Distribution of V., Comets Subjected

the sake of completeness. o N itational B
2. The sign ofA; is chosen at random after each perihelion 0 Nongravitational -orces

palslsage—as if the axis of rotation changed rapidly and chaotj\—1 A, Total Spike Tall Prograde Xi X Xs (m)
cally.

_ . , . 0.0 00 52303 1473 15004 15875 0.07 4.37 061 454
We examined four values oA;: 10°°, 107/, 10°, and 10 01 35370 1,457 7,368 12,381 0.11 3.17 0.69 36.1
105 AU day2. The first two of these are reasonably consis-1.0 -0.1 57,819 1462 19,364 21,110 0.07 510 0.72 51.0

tent with the NG forces observed in LP comets (Marsefeal. 1.0 +0.1% 44,383 1461 13705 19,021 009 470 086 384
10 +12 45899 1425 16,628 18,504 0.08 4.42 0.80 42.5

1973). The two remaining values féy are probably unrealisti- L1 30,660 1341 11206 11012 012 561 071 331
cally large, but allow us to explore the effects of unknown forceg)oo 110 13248 995 5432 5872 020 624 0.87 14.4
with the same qualitative behavior as NG forces. 10 +01P 49,642 1450 13,203 16,387 0.08 4.05 0.65 46.7

Figure 20 and Table 5 illustrate the effects of NG forces omo  +1° 45202 1,448 13,631 17,311 0.08 459 0.76 41.4
the energy and perihelion distributions, and on the parametet80 +10° 25774 1364 4,969 11452 0.4 293 0.88 27.7
X; defined in Eq. (3), which should be unity if the simulated0% +100 9878 1035 1536 5042 028 237 101 132

and observed element distributions agree. Th,e figure shows th"f{ltote. The superscript indicates that half the sample have positieg half
NG fprces do decrease the number of dynamlcal!y older com@t3ative indicates thatA, has a randomly chosen sign for each perihelion
relative to the number of new comets and hence improve agreg&ssage. “Total” is the total number of apparitions.( perihelion passages

ment with the obser\/ationj;é_, increasing)(ll decreaging(z); with q < 3 AU), “Spike” is the number of these with original inverse semima-
fxes Ya<10-*AUY, “Tail" is the number with 00145 AU™ < 1/a <

however, the same forces erode the population of comets at sifa e\ . . s

erihelion distances. thereby worsenina the agreement with ¥ 29 AU+, and “Prograde” is the number with ecliptic inclination less than
P ST e y g ,g . . The parameterX; are defined in Eq. (3). The mean lifetime in orkits in-
observed perihelion distribution. Even unrealistically large N&des all perihelion passages, whether visible or not, after the initial apparition

forces cannot bring the distribution of inverse semimajor axese units ofA; and A, are AU day 2.
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5.4. Postvisibility Evolution: The Effect of a Solar the disk’s characteristic radius and thickness. We assume that tf
Companion or Disk disk is centered on the Solar System barycenter and coplan:

ith the ecliptic. We considered disk masdég of 0.1, 1, and

Inthis section we investigate the influence of two hypothetic\'\% Jupiter masses, disk radij of 100 and 1000 AU. and a
components of the Solar System on the evolution of LP come%(.ed ar:xis ratiob /a; 0.1. The tWo more massive di'sks with
d =U.1.

1. A massive circumsolar disk extending to hundreds of Ay =100 AU are unrealistic because they strongly violate the
or even further. Such a disk might be an extension of the Kuipewnstraint (40), but we examine their effects in order to explore
belt (e.g, Weissman 1984; Harpet al. 1984) or related to the as wide a range of parameters as possible.
gas and dust disks that have been detected around stars (esp@emets arriving from the Oort cloud have fallen through
cially g Pictoris) and young stellar objects (Ferlet and Vidakhe disk potential and hence are subjected to a shift in thei
Madjar 1994). Residuals in fits to the orbit of Halley's cometriginal inverse semimajor axis. This offset can be as large a
imply that the maximum allowed mass for a disk of radius 2 x 10~* AU~ for a 10-Jupiter-mass disk with radius 100 AU,
around our own Solar System is roughly (Haneidal. 1968; but is much smaller for disks that do not already violate the ob-

Yeomans 1986a; Hoget al. 1991) servational constraint (40). This shift is not shown in the figures
3 below, for which the semimajor axis is measured at aphelion.
~ r As usual, thePerihelion too largeend-state (Section 4.4) was
Mmax — 10MEB . (40) . . .
100 AU entered ifg > 40 AU and sin 2™ 0. The assumption that such

Currentestimates of the mass in the Kuiper belt are much smalggmets are unlikely to become visible in the future is only correct
if the torque is dominated by the Galactic tide, and this may

typically ~0.1Mg from direct detection of 100 km objects el :
(Jewitt et al. 1996) or from models of diffuse infrared emis-NOt be the case when a disk is present. However, there is n
sion (Goodet al. 1986; Backmaret al. 1995), but these are significant difference in the numbers or semimajor axes of the

based on the uncertain assumption that most of the belt masSa@'ets reaching this end-state in simulations with and withou

in the range 30-50 AU. The disk arouidPic is detected in the & circumsolar disk, suggesting that evolution to this end-state i

infrared to radii exceeding 1000 AU (Smith and Terrile 19g7j7deed dominated by the Galaxy. _ ,

the dust mass is probably less thaWl (Artymowicz 1994), The results from simulations including a circumsolar disk are

but there may be more mass in condensed, macroscopic objedgPlayed in Fig. 21 and Table 6. One plot of the energz/lc.ilstrl-
2. A solar companion, perhaps a massive planet or brofHtion in Fig. 21 shows a strong peak nega+0.02 AU™;

dwarf, orbiting at hundreds of AU. Residuals in fits to the orbitS the large error bars suggest, this peak is caused by a sing

of the outer planets imply that the maximum allowed mass fGPMet and has little statistical significance. N
a companion at radiusis roughly (Tremaine 1990; Hoggt al. The principal effect of the disk is to exert an additional torque

1991) on the comets, resulting in oscillations of the comet’s perihelion
r 3 6
Munax ~ 100Mg [ ——— ) . (41) _TABLE
100 AU Parameters of the Distribution of V., Comets when the Solar

. . System Contains a Circumsolar Disk
There are also significant but model-dependent constraints on y

the characteristics of a solar companion from the IRAS infrarefl; a;  Total Spike Tail Prograde X1 X, Xs (m) R,
all-sky survey (Hogget al. 1991).

_ 0 — 52303 1,473 15004 15875 0.07 4.37 061 45.4
To reduce computational costs, we used¥heeomets asa o1 100 38,947 1,486 8,382 15178 0.10 3.28 0.77 60.4

0
0
starting pointfor these investigations; thatis, the effect of the disk1 1000 42,106 1,496 9,122 16,957 0.09 3.30 0.80 33.7 1
or companionisignored before the comet’s firstapparition (mord ~ 100 37,676 1,459 12,027 11,888 0.10 4.86 0.63 60.8 2
precisely, we started the integration at the aphelion precediny 1000 39,138 1,458 9,944 16,141 0.10 387 0.82 44.7 1
the comet's initial apparition, in order to correctly calculate any, 1(1)88 ig”ggg 1’;22 2’22(1) ggfé 8‘2 2:% g:gé 2(25'.8 2
perturbations occurring on the inbound leg). Starting at this poi 33449 957 10190 14308 009 417 083 455 O
is an undesirable oversimplification, but one that should ngta 100 24535 o968 6086 8580 0.0 3.76 0.69 60.4 O
1
2
1
5
3

compromise our conclusions. 019 1000 26,335 969 5,261 11,950 0.10 3.04 0.91 33.7

- - - I 14 100 27,655 947 9,514 8,712 0.09 5.24 0.62 60.8
5.4.1. Circumsolar disk. The circumsolar disk is represent- 19 1000 25200 947 7070 O88L 010 427 077 44.7

ed by a Miyamoto—Nagai potentiad.g, Binney and Tremaine 13 100 18769 939 7,104 4,103 013 576 0.44 62.6

1987), 1 1000 10,600 910 1,541 4,650 0.23 2.21 0.85 66.9
Vg (X Z) - —G My ( ) Note. The disk mas$/qy is measured in Jupiter masses and the disk ragius
diskiX, ¥, Z) = 2 2 2 52142 is measured in AU. The rightmost column indicates the number of comets tha
[X +y + (ad +4/Z°+ bd) ] collided with the Sun. The superscrfbindicates that the discovery probability

from Eq. (1) has been applied. The definitions of the other columns are the sam
HereMyis the disk mass, argg andby are parameters describingas in Table 5.
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Distribution of the inverse semimajor axigdaland perihelion distanog for the V., comets, when the Solar System contains a massive circumsolz

disk. Left panels: characteristic disk radiays= 100 AU. Right panels: disk radiug = 1000 AU. From the top down, the disk masses are 0.1, 1, and 10 Jupite
masses. The bottom line of panels is for comparison, and includes the standard model (left side) and the observations (right side). The olienved p
distribution includes curves indicating the estimated intrinsic distribution (see Fig. 15 for details).

distance. This effect normally increased the comet’s lifetimby examining theX parameters in Table 6, which should be unity
as the risk of ejection is greatly reduced when the cometifshe simulated elementdistribution agrees with the observation
outside Saturn’s orbit. The perihelion oscillations also enhanfs. Eq. (3)). The values ok, which measures the ratio of num-
the probability of collision with the Sun (Table 6). ber of comets inthe spike to the total number, are far smaller tha

The perihelion distribution of visible comets is not stronglynity even for the most massive disks. Increasing the disk ma:
affected by the disk. The presence of a massive disk reducesttirads to improveX; and X3 for the 1000 AU disk, but degrades
number of dynamically old comets (because their perihelia dtee fit for the 100 AU disk. There is no set of disk parameter:
no longer nearly constant, only a fraction of them are visible #itan comes close to producing a match with observations. Usir
any given time), but not enough so that the energy distributiondasmore elaborate model for selection effects (Eq. (1)) does nt
consistent with the observations. This conclusion is confirmedter this conclusion (see bottom half of Table 6).
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TABLE 7 We shall generally assume that fading depends only on th
Parameters of the Distribution of V,,, Comets when the Solar number of apparitions (perihelion passages with3 AU). We
System Contains a Massive Solar Companion parametrize the fading process by a functiby (cf. Eq. (5)),

the probability that a visible new comet survives fading for at
leastm apparitions (thugb; = 1).
01 100 40,662 1451 9111 14,074 011 3.07 067 431 1 WgshallconductS|muIat|onSW|th and without plausible non-
0.1 1000 49,420 1,490 10,057 13,550 0.09 2.79 0.53 44.4 gravitational (NG) forces (88 4.2, 5.3). When NG forces are in-
1 100 38397 1473 7,465 9379 0.12 266 047 854 ¢luded, we shall use the paramet@is=10-" AU day 2, A, =

1 1000 35940 1438 9338 13544 012 356 0.73 681 1.10-8 AU day 2, A;=0, with a random sign fol, at each

10 100 14,877 1,379 3,365 5846 0.28 3.10 0.75 66.0 I p ”

10 1000 28600 1400 8183 15489 015 3.92 1.04 1463 erihelion passage (henceforth thg standard.NG modgl ).

p The most direct way to determine the fading functibp,
0.1 100 25300 944 6762 8893 011 3.66 068 431 1 -\ oo the simulated data setinto individual di
0.9 1000 31,376 975 6,206 8,623 009 2.71 053 44.4 pvouldbetobreakdowntnhesimulateddatasetinioindividualdis
19 100 27,918 963 4,764 6,047 0.10 2.34 042 854 4ributions,one foreach perihelion passage,{V1, V2, Vs, .. .},

19 1000 24,740 943 6,713 8,281 0.12 3.72 0.65 68.1 HAnd then fit the observed distribution of orbital elements to the
10 100 9,749 928 2,197 4,059 029 3.09 0.80 66.0 4arametersdy, d,, ... wheredy 1 < Pm. Unfortunately, this
10' 1000 22,177 1,030 6,052 12,649 0.14 3.74 110 1463 B onlemispoorly conditioned. Instead, we shall experiment with

a few simple parametrized fading functions.

Mx ax Total Spike Tail ProgradeX; Xz Xz (m) R,

Note. The companion maddx is in Jupiter masses, and its orbital radiys

is measured in AU. The rightmost column indicates the number of comets thatg 5§ 1 . One-parameter fading functionsThe fading func-
collided with the Sun. The superscrfbindicates that the discovery probability tions we shall examine include:
from Eq. (1) has been applied. The definitions of the other columns are the same ’

as in Table 5. (a) Constant lifetimeEach comet is assigned a fixed lifetime,

) _ ) measured in apparitions. Thus
We conclude that a circumsolar disk cannot by itself resolve

the discrepancy between the observed and predicted LP comet dn=1 m=<m,, ®,=0, m>m,. (43)

distribution.
(b) Constant fading probabilityfComets are assigned a fixed

5.4.2. Solar companion. For simplicity, we shall assume}%obabilityk of fading, per apparition. Thus

that the solar companion has a circular orbit in the ecliptic (t

orientation and eccentricity of the companion orbit should not Pm=(1— )™ (44)
strongly affect its influence on the LP comets since the comets
are on isotropic, highly eccentric orbits). (c) Power law.The fraction of comets remaining is
We examined companion masdég of 0.1, 1, and 10 Jupiter
masses and orbital radii of 100 and 1000 AU. The most massive O =m", (45)

companion at 100 AU is unrealistic because it strongly violates ) .

the constraint (41). As in the previous subsection, the origind[1€rex is a positive constant.

semimajor axes of the comets are measured at aphelion, and thyge have also investigated fading functions in whittde-

do not include the energy offset caused by their fall through thgnds on the elapsed tirhsince the first apparition. Such laws
companion’s gravitational potential. are less physically plausible than fading functions based on th

Theresults are presented in Fig. 22 and Table 7. Xharam-  nymper of apparitions, since by far the harshest environment fo
eters are listed in Table 7. As the companion mass is increasgshets occurs as they pass perihelion; and in fact the functior
the fraction of prograde to total comet¥4) improves. How- ¢t) that we investigated all produced relatively poor matches tc
ever, X, and X remain far from unity. There is no evidencene observations. Fading functions can also be based on the nu
that a solar companion can significantly improve the agreemeygy of perihelion passages—rather than the number of appar
between the observed and predicted LP comet distribution. tjons, i.e., the number of perihelion passages within 3 AU—but
these produce results very similar to laws based on the numbe
of apparitions.

The concept of fading was introduced in Sections 3.3 and 3.4.The results from the fading laws (43)—(45) are shown in
We use the term “fading” to denote any change in the intrinskigs. 23 to 25. The first of these figures displaysXhparame-
physical properties of the comet that would cause it to disappéears assuming LP comets have a constant lifetime in apparition
from the observed sample. Our focus is on modeling the fadifmodel[a]). The presence or absence of NG forces (bottom vs to
process empirically, rather than attempting to elucidate the physnels), or the use of two different visibility criteria (left vs right
ical processes involved. The distributions of inverse semimajoanels) has very little effect on the results. The spike/total ratic
axis and ecliptic inclination will serve as our primary fadingnatches observations (i.&X; = 1) atm, ~ 10, but the tail/total
benchmarks, through the values of the parameXgrsxX,, and ratio is far too low at that pointX, <« 1). The tail/total ratio
X3 (EQ. (3)). is right atm, >~ 100, butX; is now too low. The ratioX; is

5.5. Postvisibility Evolution: Fading
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113

Distribution of the inverse semimajor axigaland perihelion distancg for the V,, comets, when the Solar System contains a massive sola
companion. Left panels: companion orbital radius of 100 AU. Right panel: orbital radius 1000 AU. From the top down, the companion masses arel0.1, 1,

Jupiter masses. The bottom line of panels is for comparison, and includes the standard model (left side) and the observations (right sidegdTiheribiediorv
distribution includes curves indicating the estimated intrinsic distribution (see Fig. 15 for details).

typically close to but below unity. The model does not matctime previous two models<; =0.72+ 0.09, X, =0.96 + 0.26,
the observations for any value of the parametgr

and X3 =0.94+ 0.12 when the standard NG model and discov-
Figure 24 displays the behavior of the paramedérgiven ery probability (Eq. (1)) are used. The distributions of orbital
a fixed fading probabilityn per apparition (model [b]). Once elements are shown in Fig. 26, to be compared with the ok

again, the results are almost independent of NG forces and flaeved distributions in Section 2. For>>> 1, this fading law
visibility criterion, and there is no value for the parametéhat
matches the observationXj(=1).

Figure 25 shows the parameteXs for a power-law fad-

is the same as an empirical law suggested by Whipple (1962
¢m = Pm — Prmp1 o ML Whipple estimated =0.7.

ing function (model [c]). Although the match is not perfect, 5.5.2. Other fading functions.We have also examined sev-
an exponenk = 0.6+ 0.1 provides a much better match thareral two-parameter fading functions.
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FIG. 23. The values of the parametexs for a fading function with a fixed lifetime ah, apparitions (model [a], Eq. (43)). If the simulation agrees with the
observations theiX; = 1,i =1, 2, 3. The parameteX; is based on the fraction of LP comets in the Oort spike (solid cuXig)s based on the fraction of comets
in the energy tailx > 0.0145 AU! (dotted curve)Xz is based on the fraction of prograde comets (dashed curve) (cf. Section 2.8). The panels on the leftare b
on the visibility criteriong < 3 AU, and those on the right are based on the visibility probability (Eqg. (1)). The upper panels are based on the standard mode
no NG forces, and the lower panels are based on the standard NG model.

(d) Two populationsSuppose that the Oort cloud contains (e) Constant fading probability plus survivor®ne popula-
two populations of comets, distinguished by their interndion has a fixed fading probability per apparition, while the
strength. The first and more fragile set is disrupted afteap- more robust comets, composing a fractibof the total, do not
paritions, while the more robust comets, composing a fractifede at all. Thus
f of the total, do not fade at all. Thus

On=1- )L -1)™1+ f. (47)

dn=1 m<m, Op="Ff, m>m,. (46)

(f) Offset power lawThe fading function is chosen to be
Models containing a fixed fraction of nonfading comets were
proposed by Weissman (1978, 1979). The fading function with
m, =1 models the case where comets fade rapidly after theiheres and« are both constants. This function is similar to a
first apparition, perhaps because of loss of volatiles. power law, but drops off more slowly.

Pm=[(m+ )/ + A", (48)
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FIG. 24. The values ofX; given a fixed fading probability per apparition (model [b], Eq. (44)). For further details see the caption to Fig. 23.

The results of model (d) are shown in Fig. 27. In most casesunterpart, model (c). More detailed descriptions of the model
the fit is worse than in the one-parameter model (a), showan be found in Wiegert (1996).
by the heavy lines, because the prograde fraction described b¥rinally, we examine
X3 is lower when some of the comets do not fade. The best(g) Other published fading functionk Section 3.3, we de-
matchis for the standard NG model with visibility probability (1)scribed a number of fading functions deduced in previous stuc
(lower right panel). Here the parametenrs=6, f =0.04 yield ies. Oort (1950) took); = 0.8, ¥, =0.014 form > 1; Kendall
X1=0.82+0.10,X,=0.91+0.26, X3=0.95+0.11, slightly (1961) tookyr; =0.8, ¥, =0.04 for m> 1; Whipple (1962)
better than the match for model (c). This model is reminiscent ok ¢, o« m~17; Weissman (1978) tookf =0.15, 1 =0.1
Weissman’s (1978) favored model, in which 85% of LP come{sf. Eq. (47)); Everhart (1979) tookb; =1, ®,=0.2 for
had significant fading probabilities while the remainder survived > 1; Bailey's (1984) fading law is described by Eq. (13);
indefinitely. The best fit withm, = 1, corresponding to fading and Emel’yanenko and Bailey (1996) assuing= 0.3 but add
after the first apparition, hab~ 0.03 and yieldsX;, X3 ~1.5. a probabilityk* =0.0005 that the comet is “rejuvenated.” In

Model (e) is a generalization of the one-parameter model (Bable 8, we have listed the values Xf obtained for all these
but ordinarily does no better: the match to observations is usudiging models (the results in the table are based on the mod
best when the survivor fractiohis set to zero, and gets worse ashat includes the discovery probability (1) and standard NC
f increases. Model (f) also does no better than its one-paramédteces; other models give very similar results). Many provide
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FIG. 25. The values ofX; given a power-law fading function with exponent (model [c], Eq. (45)). For further details see the caption to Fig. 23.

reasonable matches to the data but none do as well as our be®fe have simulated the dynamical evolution of LP comets
fits. However, the parameters of these models were not all ctieem their origin in the Oort cloud until the comets are lost or
sen to optimize the fit to the features of the LP comet distributiatestroyed. We have integrated the comet trajectories under tt
used here. The comparison is thus not entirely a fair one, butrifluence of the Sun, the giant planets, and the Galactic tide
presented for completeness. In some cases we have included the effects of nongravitatione
forces, a hypothetical circumsolar disk or solar companion, anc
the disruption or fading of the comet nucleus. We have not in-
cluded the effects of passing stars on the Oort cloud; these ac
a random component to the expected distribution of LP comet
The LP comets provide our only probe of the properties @fhich is more difficult to model but is not expected to strongly
the Oort comet cloud. The expected distribution of their orbitalffect the distribution except during rare comet showers (cf.
elements is only weakly dependent on the properties of the O8gction 4.1.3). Our conclusions from these simulations include
cloud and is straightforward—though not easy—to predict the following:
the distribution is in a steady state. Thus a central problem inThe Oort cloud presently contains roughlyx20"(® e,/
the study of comets is to compare the predicted and obsendglyr-1) objects orbiting between 10,000 and 50,000 AU from
distributions of the orbital elements of the LP comets. the Sun (Eq. (36)), assuming that the cloud is in a steady stat

6. SUMMARY
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and that the number density in the cloud is proportionai > and the small size of both the observed and simulated sample
(Duncanet al. 1987); hereb, is the observed flux of dynami- Halley-family comets render this estimate very approximate.
cally new comets with perihelioa3 AU. This estimate depends LP comets collide with Jupiter and Saturn roughly once pe
strongly on uncertain assumptions about the density and ext&ht000 yr if ®pey =12 yr-* (Section 5.2.2).
of the inner Oort cloud; a more reliable parameter is that the Thisresearch does not explain the existence of a few comets
number of comets in the outer Oort cloual 20,000 AU) is hyperbolic original orbits (see Fig. 1). The excess velocities ar
1x 10"%(Ppew/12 yrh). small, corresponding to roughly10-% AU~ in inverse semi-
Over 90% of the comets in the Oort spikgl< 104 AU~Y) major axis, but are larger than those produced by the Galact
are making their first apparition (Section 5.2), and only 2%de (~—10-% AU~1), by the model for nongravitational forces
of dynamically new comets have energies outside the spikeed here{—10° AU~1) or by a circumsolar disk or solar
(Section 5.1). The Oort cloud provides only about 10% of the obempanion small enough to be compatible with the distributior
served SP comets, and possibly less if LP comets fade. Thusa@hbound orbits. Thus our results are consistent with the hy
other source, such as the Kuiper belt, must provide the bulk of thethesis of previous researchers that the hyperbolic comets &
SP comets. Onthe other hand, a significant fraction of the Halleyresult of small errors in their orbital determinations or unmod:
family comets may arise in the Oort cloud; however, biases @ed non-gravitational forceg.g, Marsderet al. 1973).
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Using simple models based on a one-dimensional random\e can match the observed distribution of orbital elements
walk (Section 3.3), many investigators, starting with Oort (1950} the expected steady-state distribution with at least two fad
have concluded that the observed energy distribution of liRy functions: (a) a one-parameter power-law (Eq. (45)) with
comets is incompatible with the expected steady-state distrilaxponentc ~ 0.6 (Whipple 1962); (b) a two-population model
tion, unless many new comets are destroyed before their sec@Bd. (46)) in which approximately 95% of comets survive for
or subsequent perihelion passage. We have shown that this “faaitghly six orbits and the remainder do not fade (the latter mode
ing” problem persists in a simulation that follows the comes also roughly consistent with the observed splitting probabili-
orbits in detalil. ties of dynamically new LP comets, approximately 0.1 per orbit;

Non-gravitational forces play a significant role in shaping theee Weissman 1980). We also note that models in which come
distributions of the orbital elements of the LP comets, but are téade after the first perihelion passage—as might be expecte
small by at least two orders of magnitude to resolve the fadiiffading is due to depletion of volatiles—do not fit as well as
problem (Section 4.2). Hypothetical additional components ofodels in which fading occurs after the first few perihelion pas-
the Solar System such as a massive circumsolar disk or saages. Similarly in the power-law model, the fraction of unfaded
companion also do not resolve the fading problem (Section 5.4bmets drops below 20% only after 15 apparitions.
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TABLE 8 Binney, J., and S. Tremaine 1983alactic DynamicsPrinceton Univ. Press,
The values of X; for the Preferred Fading Models of Oort 1950, Princeton, NJ.
Kendall 1961, Whipple 1962, Weissman 1978, Everhart 1979, Bailey  Bogart, R. S., and P. D. Noerdlinger 1982. On the distribution of orbits among

1984, and Emel’yanenko and Bailey 1996 long-period cometsAstron. J.87,911-917.
Carusi, A., and G. B. Valsecchi 1992. Dynamics of comet€Haos, Resonance
Name X1 X2 X3 and Collective Dynamical Phenomena in the Solar Sy¢&rirerraz-Mello,
Ed.), pp. 255-268. Kluwer Academic, Dordrecht.
Oort 066+ 0.09 1214044 091+0.13  chirikov, B. V., and V. V. Vecheslavov 1989. Chaotic dynamics of Comet Halley.
Kendall Q98+ 0.12 059+ 0.24 091+0.12 Astron. Astrophy221,146-154.
Whipple Q96+ 0.11 058+ 0.16 094+0.11

Delsemme, A. H., and D. C. Miller 1971. Physico-chemical phenomena ir

Weissman ®0+007 207+058 097+0.14 comets. Ill. The continuum of Comet Burnham (1960 R)anet. Space Sci.
Everhart 047+ 0.08 260+ 0.73 096+ 0.15 19.1229-1257

Bailey 082+0.11 168+ 0.63 106+0.13 | ' ' ) lacticti ffectth loud:
Emel'yanenko B9+ 0.08 Q16+ 0.05 094+ 011 Delsemme, A.H., and M. Patmiou 1986. Galactic tides affect the Oort cloud: Ar

observational confirmation. IRroc. 20th ESLAB Symposium on the Explo-
Model (c) Q72+ 0.09 096+ 0.26 094+0.12 ration of Halley’s Comet\ol. 2, pp. 409-412. ESA Publications, Noordwijk.

Model () a82+0.10 a91+026 0954011 Dones, L., H. F. Levison, and M. Duncan 1996. On the dynamical lifetimes

) . ) ) ) of planet-crossing objects. l@ompleting the Inventory of the Solar System
Notg. The final two I|ne.s are for the fading functions (c) and (d) with the T W. Rettig and J. M. Hahn, Eds.), pp. 233-244. Astron. Soc. Pacific, Sa
best-fit parameters described in the text. The results are based on the modgl

which includes the discovery probability (Eg. (1)) and the standard NG forces. rancisco. . . o
Drapatz, S., and H. Zinnecker 1984. The size and mass distribution of galact

. . . . molecular cloudsMon. Not. R. Astron. So0210,11-14.
AlthPUQh physmgll){ plqu3|ble, fading remal,ns m,hocex' Duncan, M., and H. Levison 1997. A disk of scattered icy objects and the origir
planation for the distribution of LP comet orbits which has not of jupiter-family cometsScience276,1670-1672.

been independently confirmed, and we should remain alert ffncan, M., T. Quinn, and S. Tremaine 1987. The formation and extent of th

other possible explanations. Solar System comet cloudstron. J.94,1330-1338.
Efron, B. 1982.The Jackknife, the Bootstrap and Other Resampling Plans.
ACKNOWLEDGMENTS Society for Industrial and Applied Mathematics, Philadelphia.

Emel'yanenko, V. V., and M. E. Bailey 1996. Dynamical evolution of comets

We gratefully thank T. Bolton, R. Carlberg, M. Duncan, R. Garrison, K. and the problem of comet fadingarth Moon Planet§2, 35-40.
Innanen, and L. Molnar for helpful discussions and advice, and P. Weissntaverhart, E. 1967a. Comet discoveries and observational selegstnon. J.
and an anonymous referee for their thorough and constructive comments. Thig2,716-726.
research was performed at the University of Toronto and the Canadian Institgitsrhart, E. 1967b. Intrinsic distributions of cometary perihelia and magnitudes
for Theoretical Astrophysics, and has been supported in part by the Naturahstron, J.72,1002-1011.

Sciences and Engineering Research Council of Canada. Everhart, E. 1968. Change in total energy of comets passing through the Sol

SystemAstron. J.73,1039-1052.

REFERENCES Everhart, E. 1972. The origin of short-period cométstrophys. Lett10,131—
135.
Antonov, V. A, and Z. P. Todriya 1984. Systematic and random deformatiopserhart, E. 1976. The evolution of comet orbits. The Study of Comets
of long-period comet orbitsSov. Astron. Lettl0, 166. (B. Donn, M. Mumma, W. Jackson, M. AHearn, and R. Harrington, Eds.),

Artymowicz, P. 1994. Modeling and understanding the dust arguRéttoris. \ol. I, pp. 445-464. NASA, Washington, DC.
In Circumstellar Dust Disks and Planet Formati¢R. Ferlet and A. Vidal- Everhart, E. 1979. The shortage of long-period comets in elliptical orbits. Ir
Madijar, Eds.), pp. 47-65. Editions Froem's, Gif sur Yvette. Dynamics of the Solar SysteiR. L. Duncombe, Ed.), pp. 273-275. Reidel,
Backman, D. E., A. Dasgupta, and R. E. Stencel 1995. Model of a Kuiper beltDordrecht.
small grain population and resulting far infrared emissistrophys. J450,  Feller, W. 1968.An Introduction to Probability Theory and its Applicatigns
L35-38. 3rd ed., Vol. I. Wiley, New York.
Bahcall, J. N. 1984. Self-consistent determinations of the total amount of mattgfylet, R., and A. Vidal-Madjar (Eds.) 199@ircumstellar Dust Disks and Planet
near the SumAstrophys. J276,169-181. Formation Editions Frontéres, Gif sur Yvette.
Bahcall, J. N., C. Flynn, and A. Gould 1992. Local dark matter density fromgerreindez, J. A. 1981. New and evolved comets in the Solar Syststron.
carefully selected sampléstrophys. J389,234-250. Astrophys96, 26—35.
Bailey, M. E. 1983. The structure and evolution of the Solar System Cometcloqﬁérra'.ndez’ J. A. 1994. Dynamics of comets: Recent deve|0pments and ne
Mon. Not. R. Astron. So204,603-633. challenges. Ilsteroids, Comets and Meted¥s. Milani, M. di Martino, and
Bailey, M. E. 1984. The steady-stat¢aldistribution and the problem of  A. Cellino, Eds.), pp. 223-240. Kluwer, Dordrecht.
cometary fadingMon. Not. R. Astron. So@11,347-368. Ferréndez, J. A., and W. H. Ip 1987. Time-dependent injection of Oort cloud
Bailey, M. E., J. E. Chambers, and G. Hahn 1992. Origin of sungrazers—Acomets into earth-crossing orbitsarus71,46-56.
frequent cometary end-statéstron. Astrophys257,315-322. Festou, M. C. 1986. The derivation of OH gas production rates from visua
Bailey, M. E., D. A. Wilkinson, and A. W. Wolfendale 1987. Can episodic comets magnitudes of comets. lAsteroids, Comets and Meted. |. Lagerkvist,
showers explain the 30-Myr cyclicity in the terrestrial recokd@n. Not. R. B. A. Lindblad, H. Lundstedt, and H. Rickman, Eds.), Vol. Il, pp. 299-303.
Astron. Soc227,863-885. Uppsala Univ. Press, Uppsala.
Benner, L. A. M., and W. B. McKinnon 1995. On the orbital evolution and origifFestou, M. C., H. Rickman, and R. M. West 1993a. Comfssron. Astrophys.
of Comet Shoemaker—Levy ftarus118,155-168. Rev.4,363-447.



120 WIEGERT AND TREMAINE

Festou, M. C., H. Rickman, and R. M. West 1993b. Com&stron. Astrophys. Marsden, B. G., Z. Sekanina, and D. K. Yeomans 1973. Comets and non

Rev.5,37-163. gravitational forces, VAstron. J.78,211-225.
Good, J. C., M. G. Hauser, and T. N. Gauthier 1986. IRAS observation of tMarsden, B. G., Z. Sekanina, and E. Everhart 1978. New osculating orbits fo
zodiacal backgroundddv. Space Re§.(6), 83—86. 110 comets and analysis of original orbits for 200 com&ssron. J.83, 64—

Hamid, S. E., B. G. Marsden, and F. L. Whipple 1968. Influence of a comet71.
belt beyond Neptune on the motions of periodic com&sdron. J.73,727— Matese, J. J., and P. G. Whitman 1989. The galactic disk tidal field and the

729. nonrandom distribution of observed Oort cloud comiegtatus 82, 389-401.
Harper, D. A., R. F. Loewenstein, and J. A. Davidson 1984. On the nature Mktese, J. J., P. G. Whitman, K. A. Innanen, and M. J. Valtonen 1995. Periodi
material surrounding Veg#strophys. J285,808-812. modulation of the Oort cloud comet flux by the adiabatically changing galactic
Heisler, J. 1990. Monte Carlo simulations of the Oort comet clécatus 88, tide.lcarus116,255-268.
104-121. Morris, D. E., and R. A. Muller 1986. Tidal gravitational forces: The infall of
Heisler, J., and S. Tremaine 1986. The influence of the galactic tidal field on theénew” comets and comet showetsarus65, 1-12.
Oort comet cloudlcarus 65, 13-26. Nakamura, T. 1979. On some anomalies of the distribution of orbital inclinations
Heisler, J., S. Tremaine, and C. Alcock 1987. The frequency and intensity ofof original cometsPub. Astron. Soc. Jpi31,815-820.
comet showers from the Oort cloudarus70,269-288. Neslusan, L. 1996. Perihelion point preferred direction of long-period comets
Hills, J. G. 1981. Comet showers and the steady-state infall of comets from the@nd the north—south asymmetry of comet discoveries from the Earth’s surface
Oort cloud.Astron. J.86,1733-1740. Astron. Astrophys306,981-990.
Hogg, D. W., G. D. Quinlan, and S. Tremaine 1991. Dynamical limits on da®ja, H. 1975. Perihelion distribution of near-parabolic comattron. Astro-
mass in the outer Solar SysteAstron. J.101,2274-2286. phys.43,317-319.
Hut, P., and S. Tremaine 1985. Have interstellar clouds disrupted the Oort cofett, J. H. 1950. The structure of the cloud of comets surrounding the Sola
cloud?Astron. J.90,1548-1557. System, and a hypothesis concerning its oriBunl. Astron. Inst. Netherlands

Hut, P., W. Alvarez, W. P. Elder, T. Hansen, E. G. Kauffman, G. Keller, E. M. 11,91-110.
Shoemaker, and P. R. Weissman 1987. Comet showers as a cause of i@ass J. H. 1960. Note on the determinationkof and on the mass density near
extinctions.Nature329,118-126. the sunBull. Astron. Inst. Netherlandk5, 45-53.

Jewitt, D., J. Luu, and J. Chen 1996. The Mauna Kea—Cerro Tololo Kuiper b&brt, J. H., and M. Schmidt 1951. Differences between old and new comets
and Centaur survestron. J.112,1225-1238. Bull. Astron. Inst. Netherlandkl,259—-269.

Kannan, D. 1979An Introduction to Stochastic Processb®rth-Holland, New  Petrosky, T. Y. 1986. Chaos and cometary clouds in the Solar Sy&teys.
York. Lett. A117,328.

Kendall, D. G. 1961. Some problems in the theory of comets, | and Il. IRress,W. H., S. A. Teukolsky, W. T. Vetterling, and B. P. Flannery 18@@ner-
Proc. Fourth Berkeley Symposium on Mathematical Statistics and Probabilityical Recipes in C: The Art of Scientific Computi2gd ed. Cambridge Univ.

(J. Neyman, Ed.), pp. 99-147. Univ. of California Press, Berkeley. Press, Cambridge, UK.
Kerr, F. J., and D. Lynden-Bell 1986. Review of galactic constavits. Not.  Quinn, T., S. Tremaine, and M. Duncan 1990. Planetary perturbations and th
R. Astron. So221,1023-1038. origin of short-period comet#strophys. J355,667-679.

Kresik, L. 1982. Comet discoveries, statistics and observational selection.dagdeev, R. Z., and G. M. Zaslavsky 1987. Stochasticity in the Kepler problen
CometdL. L. Wilkening, Ed.), pp. 56-82. Univ. of Arizona Press, Tucson.  and amodel of possible dynamic of comets inthe Oort clddliovo Cimento
Kresdk, L., and E. M. Pittich 1978. The intrinsic number density of active long- 97B(2), 119-130.
period comets in the inner Solar SysteBull. Astron. Inst. Czect29,299~  Sekanina, Z. 1964. Perihelion asymmetry of photometric curves of cohdts.

309. Astron. Inst. CzechL5, 8-20.
Kuijken, K. 1991. Further limits on disklike dark matter from K dwarf kinemat-Shoemaker, E. M. 1983. Asteroid and comet bombardment of the RamtiuL.
ics. Astrophys. J372,125-131. Rev. Earth Planet. Scll,461-494.

Kuijken, K., and G. Gilmore 1989. The mass distribution in the galactic disshoemaker, E. M., and R. F. Wolfe 1982. Cratering time scales for the Galilear
1. The local volume mass densitylon. Not. R. Astron. So239,651-664.  satellites. InSatellites of Jupite(D. Morrison, Ed.), pp. 277—339. Univ. of
Levison, H. F. 1996. Comet taxonomy.@ompleting the Inventory of the Solar  Arizona Press, Tucson.
Systen(T. Rettig and J. Hahn, Eds.), pp. 173-191. Astron. Soc. Pacific, Sgfnith, B. A., and R. J. Terrile 1987. The Beta Pictoris disk: Recent optical
Francisco. observationsBull. Am. Astron. Sodl9, 829.
List, R. 1984. The distribution of the aphelion directions of long-period cometStephenson, F., K. Yau, and H. Hunger 1985. Records of Halley's comet or
Astron. Astrophysl40,94-100. Babylonian tabletsNature314,587-592.
Lyttleton, R. A., and J. M. Hammersley 1963. The loss of long period come{omas, F., and A. Morbidelli 1996. The Kozai resonance in the outer Solar Sys
from the Solar SystenMon. Not. R. Astron. So427,257-272. tem and the dynamics of long-period coma&@slest. Mech. Dynam. Astron.
Malyshkin, L., and S. Tremaine 1998. The Keplerian map for the restricted64,209-229.
three-body problem as a model of comet evolutimarus, submitted for  Torpett, M. V. 1986. Injection of Oort cloud comets to the inner Solar System
publication. by galactic tidal fieldsMon. Not. R. Astron. So£23,885-895.
Marsden, B. G. 1967. The Sungrazing comet gragiron. J.72,1170-1183.  yremaine, S. 1990. Dark matter in the Solar SystenBanyonic Dark Matter
Marsden, B. G. 1989. The Sungrazing comet groug\dtron. J98,2306—2321. (D. Lynden-Bell and G. Gilmore, Eds.), pp. 37-65. Kluwer Academic,
Marsden, B. G., and Z. Sekanina 1973. On the distribution of “original” orbits Dordrecht.
of comets of large perihelion distandéstron. J.78,1118-1124. Tryor, J. G. 1957. The distribution of the directions of perihelia of long-period
Marsden, B. G., and G. V. Williams 199&atalogue of Cometary Orbits ~ cometsMon. Not. R. Astron. So¢17,370-379.
8th ed. IAU Central Bureau for Astronomical Telegrams—Minor Planet Ceran Woerkom, A. J. J. 1948. On the origin of com@&sll. Astron. Inst. Nether-
ter, Cambridge, MA. lands10(399), 445-472.



LONG-PERIOD COMET EVOLUTION 121

Weissman, P. R. 197&hysical and Dynamical Evolution of Long-Period Whipple, F. L. 1977. The reality of comet groups and paditarus 30, 736—
CometsPh.D. thesis, Univ. of California, Los Angeles. 746.

Weissman, P. R. 1979. Physical and dynamical evolution of long-period comédhipple, F. L. 1991. The forest and the treesClomets in the Post-Halley Era
In Dynamics of the Solar SystéR. L. Duncombe, Ed.), pp. 277-282. Reidel, (R. L. Newburnet al, Eds.), Vol. II, pp. 1259-1278. Kluwer, Dordrecht.

Dordrecht. Whipple, F. L. 1992. The activities of comets related to their aging and origin.
Weissman, P. R. 1980. Physical loss of long-period cometison. Astrophys. Celest. Mech54,1-11.

85,191-196. Whipple, F. L. 1994. The dilemma of the new-comet flBlanet. Space Sdi2,
Weissman, P. R. 1984. The Vega particulate shell—Comets or astegmiidsize 179-182.

224,987-989. Wiegert, P. A. 1996The Evolution of Long-Period Comef8h.D. thesis, Univ.

Weissman, P. R. 1985. Dynamical evolution of the Oort cloudynamics of of Toronto, Toronto.
Comets: Their Origin and EvolutiofA. Carusi and G. B. Valsecchi, Eds.), Wilhelm, K. 1987. Rotation and precession of Comet Halkgture327,27—
pp. 87-96. Reidel, Dordrecht. 30.
Weissman, P. R. 1990. The cometary impactor flux at the EartiGlddal  Yabushita, S. 1979. A statistical study of the evolution of the orbits of long-perioc
Catastrophes in Earth HistoryV. L. Sharpton and P. D. Ward, Eds.), cometsMon. Not. R. Astron. So&87,445-462.
pp. 171-180. Geological Soc. Amer., Boulder, CO. Yabushita, S. 1980. On exact solutions of diffusion equation in cometary dy
Weissman, P. R. 1996a. The Oort cloudClompleting the Inventory of the Solar  namics.Astron. Astrophys35, 77—79.
SystenfT. W. Rettig and J. M. Hahn, Eds.), pp. 265-288. Astron. Soc. Pacifigeomans, D. 1986a. Physical interpretations from the motions of Comets Halle

San Francisco. and Giacobini-Zinner. liProc. 20th ESLAB Symposium on the Exploration
Weissman, P. R. 1996b. Star passages through the Oort diauth Moon of Halley's Come{B. Battrick, E. J. Rolfe, and R. Reinhard, Eds.), Vol. 2,
Planets72,25-30. pp. 419-425. ESA Publications, Noordwijk.

Whipple, F. L. 1962. On the distribution of semimajor axes among comet orbideomans, D. 1986b. The intermediate comets and nongravitational effect
Astron. J.67,1-9. Astron. J.91,971-973.



	1. INTRODUCTION
	2. OBSERVATIONS
	FIG. 1.
	FIG. 2.
	FIG. 3.
	FIG. 4.
	FIG. 5.

	3. THEORETICAL BACKGROUND
	FIG. 6.
	FIG. 7.
	FIG. 8.
	FIG. 9.

	4. ALGORITHM
	5. RESULTS
	TABLE 1
	TABLE 2
	FIG. 10.
	FIG. 11.
	FIG. 12.
	FIG. 13.
	FIG. 14.
	TABLE 3
	FIG. 15.
	FIG. 16.
	FIG. 17.
	FIG. 18.
	FIG. 19.
	TABLE 4
	TABLE 5
	FIG. 20.
	TABLE 6
	FIG. 21.
	TABLE 7
	FIG. 22.
	FIG. 23.
	FIG. 24.
	FIG. 25.

	6. SUMMARY
	FIG. 26.
	FIG. 27.
	TABLE 8

	ACKNOWLEDGMENTS
	REFERENCES

